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PREFACE
TO THE SECOND EDITION

The purpose of the second edition is the same as that of the first: to provide a
teaching instrument, in the classroom or independently, for the study of com-
pressible fluid flow, and at the same time to make this instrument understandable
and enjoyable for the reader. As mentioned in the Preface to the First Edition,
this book is intentionally written in a rather informal style in order to talk to the
reader, to gain his or her interest, and to be absorbed from cover to cover.
Indeed, all of the philosophical aspects of the first edition, including the
inclusion of a historical perspective, are carried over to the second edition. Please
examine the Preface to the First Edition for an in-depth description of the
organization, objectives, intent, and goals of this book-—they are exactly the
same for the second edition. Also, in the case of the first edition, this book is
aimed at three levels of readers: (1) a senior-level, first course on compressible
flow; (2) a first-year graduate course; and (3) the practicing professional who
wants to review and expand on the fundamentals, as well as examine the modern
aspects of the discipline.

The response to the first edition from students, faculty, and practicing
professionals throughout the country has been overwhelmingly favorable. There-
fore, for the second edition, all of the content of the first edition has been carried
over virtually intact, with only minor changes made here and there for updating,.
The principal difference between the second and first editions is the addition of
much new material, as follows:

1. A large number of illustrative worked examples have been added, especially in
the first five chapters, to help the reader apply the theory and basic concepts.
This should enhance the value of this book as a basic learning tool for a first
course in compressible flow, especially at the senior level.

2. Many new homework problems have been added. Of course, as with a// of this
author’s books, there is a solutions manual for the problems available from
McGraw-Hill for the use of the classroom instructor.

xiii



xiv PREFACE TO THE SECOND EDITION
3. A new chapter, Chap. 13, has been added on the physical and computational
aspects of three-dimensional flows. Modern practice in fluid dynamics and
aerodynamics deals with real-world applications of three-dimensional flows on
a regular basis. Thurty years ago, such three-dimensional flows were a virtually
unsolved state-of-the-art research problem Today, they are still challenging
problems, but the modern techniques of computational fluid dynamics have

made their analysis tractable. This chapter introduces the reader to such
modern analyses.

4. A new chapter, Chap 14, has been added on the subject of transonic flow The
flow regime near Mach 1 has been of extreme importance since the advent of
jet-propelled flight, and today is the common flight regime for most civil
transports, military aircraft, and executive jet planes. Due to the inherent
nonlinearity of transonic flow, this regime has always been difficult to analyze
Over the past decade, however, major advances have been made in the
treatment of transonic flow, and some knowledge of the physical, theoretical,
and computational aspects of such flows is an essential element of the study of
modern compressible flow. This chapter introduces the reader to the basic
aspects of transonics.

S. A new chapter, Chap 15, has been added on hypersonic flow. The special
physical phenomena that occur when the Mach number becomes very large
distinguishes hypersonic flow as a subject all its own Indeed, hypersonic flow
is the subject of a new book by the present author entitled Hypersonic and
High-Temperature Gas Dynamics, McGraw-Hill, 1989. Chapter 15 is a survey
of the special physical nature of hypersonic flow. Moreover, it covers some of
the essential nonlinear theoretical and computational methods required for the
study of such flows. Hypersonic flight is an important part of the modern
flight spectrum, and in this book it deserves a separate chapter.

By adding the new material embodied in Chaps. 13, 14, and 15, the second
edition is intended to provide the student with a wider breadth of exposure to the
modern world of compressible flow, while at the same time, in other chapters of
the book, preserving all the essential classical elements so necessary to an
introduction to the study of compressible flow. These new chapters simply
complement the modern coverage of computational fluid dynamics and high-tem-
perature flows which were contained in the first edition, and which are carried
over to this second edition.

In short, this second edition is longer and more complete than the first
edition. At the same time, the original philosophy as described in the Preface to
the First Edition is totally preserved. In this sense, its usefulness in both senior
undergraduate as well as first-year graduate courses should be enhanced

Special thanks are given to various people who have been responsible for
the materialization of this second edition:

1. My students, as well as students and readers from all  )r the world, who have
responded so enthusiastically to the first edition, and who have provided the
ultimate joy to the author of being an engineering educator



PREFACE TO THE SECOND EDITION XV

2. My family, Sarah-Allen, Katherine, and Elizabeth, who provide the other
ultimate joy of being a husband and father.

3. The University of Maryland, which provides the ultimate academic atmo-
sphere so essential to the development of a book such as this one.

4. Susan Cunningham, who as usual has done an excellent job of preparing the
manuscript, especially at a time when there have been so many other demands
on her expertise and good nature.

McGraw-Hill and the author would like to thank the following reviewers
for their many helpful comments and suggestions: Daniel Bershader, Stanford
University and Fugene Covert, MIT.

Finally, compressible flow is an exciting subject—exciting to learn, exciting
to teach, and exciting to write about. The purpose of this book is to excite the
reader, and to make the study of compressible flow an enjoyable experience. So
this author says—read on, and ernjoy.

John D. Anderson, Jr.






PREFACE
TO THE FIRST EDITION

This book is designed to be a teaching instrument, in the classroom or indepen-
dently, for the study of compressible fluid flow. It is intentionally written in a
rather informal style in order to talk to the reader, to gain his or her interest, and
to be absorbed from cover to cover. It is aimed primarily at senior undergraduate
and first-year graduate students in aerospace engineering, mechanical engineer-
ing, and engineering mechanics; it has also been written for use by the practicing
engineer who wants to obtain a cohesive picture of compressible flow from a
modern perspective. In addition, because the principles and results of compress-
ible flow permeate virtually all fields of physical science, this book should be
useful to engineers in general, as well as to physicists and chemists.

This is a book on modern compressible flows. An extensive definition of the
word “modern” in this context is given in Sec. 1.6. In essence, this book presents
the fundamentals of classical compressible flow as they have evolved over the
past two centuries, but with added emphasis on two new dimensions that have
become so important over the past two decades, namely-

1. Modern computational fluid dynamics. The high-speed digital computer has
revolutionized analytical fluid mechanics, and has made possible the solution
of problems heretofore intractable. The teaching of compressible flow today
must treat such numerical approaches as an integral part of the subject; this is
one facet of the present book. For example, the reader will find lengthy
discussions of finite-difference techniques, including the time-marching ap-
proach, which has worked miracles for some important applications.

2. High-temperature flows. Modern compressible flow problems frequently in-
volve high-speed aerodynamics, combustion, and energy conversion, all of
which can be dominated by the flow of high-temperature gases. Therefore,
such high-temperature effects must be incorporated in any basic study of
compressible flow; this is another facet of the preseht book. For example, the
reader will find extensive presentations of both equilibrium and nonequilib-

xvii
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rium flows, with application to some basic problems such as shock waves and
nozzle flows.

In short, the modern compressible fiow of today is a mutually-supportive mixture
of classical analysis along with computational techniques, with the treatment of
high-temperature effects being almost routine. One purpose of this book is to
provide an understanding of compressible flow from this modern point of view.
Its intent is to interrelate the important aspects of classical compressible flow
with the recent techniques of computational fluid dynamics and high-temperature
gas dynamics. In this sense, the present treatment is somewhat unique, it
represents a substantial departure from existing texts in classical compressible
flow. However, at the same time, the classical fundamentals along with their
important physical implications are discussed at length. Indeed, the first half of
this book, as seen from a glance at the Table of Contents, is very classical in
scope. Chapters 1 through 7, with selections from other chapters, constitute a
solid, one-semester senior-level course. The second half of the book provides the
“modern” color. The entire book constitutes a complete one-year course at the
senior and first-year graduate levels.

Another unique aspect of this book is the inclusion of an historical
perspective on compressible flow. It is the author’s strong belief that an apprecia-
tion for the historical background and traditions associated with modern technol-
ogy should be an integral part of engineering education The vast majority of
engineering professionals and students have little knowledge or appreciation of
such history; the present book attempts to fill this vacuum. For example, such
questions are addressed as who developed supersonic nozzles and under what
circumstances, how did the modern equations of compressible fluid flow develop
over the centuries, who were Bernoulli, Euler, Helmholtz, Rankine, Prandtl,
Busemann, Glauert, etc., and what did they contribute to the modern science of
compressible flow? In this vein, the present book continues the tradition estab-
lished in one of the author’s previous books ( Introduction io Flight: Its Engineer-
ing and History, McGraw-Hill, New York, 1978) wherein historical notes are
included with the technical material.

Homework problems are given at the end of most of the chapters. These
problems are generally straightforward, and are designed to give the student a
practical understanding of the material.

In order to keep the book to a reasonable and affordable length, the topics
of transonic flow and viscous flow are not included. However, these are topics
which are best studied after the fundamental material of this book is mastered.

This book is the product of teaching the first-year graduate course in
compressible flow at the Umwversity of Maryland since 1973. Over the years,
many students have urged the author to expand the class notes into a book Such
encouragement could not be ignored, and this book is the result. Therefore, it is

dedicated in part to all my students, with whom it has been a joy to teach and
work.
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This book is also dedicated to my wife, Sarah-Allen, and my two daughters,
Katherine and Elizabeth, who relinquished untold amounts of time with their
husband and father. Their understanding is much appreciated, and to them I
once again say hello. Also, hidden behind the scenes but ever so present are Edna
Brothers and Sue Osborn, who typed the manuscript with such dedication. In
addition, the author wishes to thank Dr. Richard Hallion, Curator of the
National Air and Space Museum of the Smithsonian Institution, for his helpful
comments and for continually opening the vast archives of the museum for the
author’s historical research. Finally, I wish to thank my many professional
colleagues for stimulating discussions on compressible flow and what constitutes
a modern approach to its teaching Hopefully, this book is a reasonable answer

John D Anderson, Jr.






CHAPTER

|

COMPRESSIBLE FLOW —
SOME HISTORY

AND INTRODUCTORY
THOUGHTS

It required an unhesitating boldness to undertake a venture so few thought could succeed, an
almost exuberant enthusiasm to carry across the many obstacles and unknowns, but most of
all a completely unprejudiced imagination in departing so drastically from the known way

J. van Lonkhuyzen, 1951, in discussing the problems faced in designing the Bell XS-1, the
first supersonic airplane

1.1 HISTORICAL HIGH-WATER MARKS

The year is 1893. In Chicago, the World Columbian Exposition has been opened
by President Grover Cleveland. During the year, more than 27 million people will
visit the 666-acre expanse of gleaming white buildings, specially constructed from
a composite of plaster of paris and jute fiber to :simulate white marble Located
adjacent to the newly endowed University of Chicago, the Exposition commemo-
rates the discovery of America by Christopher Columbus 400 years earlier.
Exhibitions related to engineering, architecture, and domestic and liberal arts, as
well as collections of all modes of transportation, are scattered over 150 build-
ings. In the largest, the Manufacturer’s and L1beral Arts Building, engineering
exhibits from all over the world herald the rapid advance of technology that will
soon reach explosive proportions in the twentieth century. Almost lost in this
massive 31-acre building, under a roof of iron and glass, is a small machine of

1



2 MODERN COMPRESSIBLE FLOW

Turbine
wheel
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divergent
nozzle
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Flow

FIGURE 1.1
Schematic of de Laval's turbine incorporating a
convergent-divergent nozzle.

ARRRR

great importance. A single-stage steam turbine is being displayed by the Swedish
engineer, Carl G P. de Laval. The machine is less than 6 ft long; designed for
marine use, it has two independent turbine wheels, one for forward motion and
the other for the reverse direction. But what is novel about this device is that the
turbine blades are driven by a stream, of hot, high-pressure steam from a series of
unique convergent-divergent nozzles. As sketched in Fig 1.1, these nozzles, with
their convergent-divergent shape representing a complete departure from previ-
ous engineering applications, feed a high-speed flow of steam to the blades of the
turbine wheel. The deflection and consequent change in momentum of the steam
as it flows past the turbine blades exerts an impulse which rotates the wheel to
speeds previously unattainable—over 30,000 r/min. Little does de Laval realize
that his convergent-divergent steam nozzle will open the door to the supersonic
wind tunnels and rocket engines of the midtwentieth century.

The year is now 1947. The morning of October 14 dawns bright and
beautiful over the Muroc Dry Lake, a large expanse of flat, hard lake bed in the
Mojave Desert in California Beginning at 600 AM, teams of engineers and
technicians at the Muroc Army Air Field ready a small rocket-powered airplane
for flight. Painted orange, and resembling a 50-caliber machine gun bullet mated
to a pair of straight, stubby wings, the Bell XS-1 research vehicle is carefully
installed in the bomb bay of a four-engine B-29 bomber of World War II vintage.
At 10:00 A.M. the B-29 with its soon-to-be-historic cargo takes off and climbs to
an altitude of 20,000 ft. In the cockpit of the XS-1 is Captain Charles (Chuck)
Yeager, a veteran P-51 pilot from the European theater during the war This
morning Yeager is in pain from two broken ribs incurred during a horseback
riding accident the previous weekend. However, not wishing to disrupt the events
of the day, Yeager informs no one at Muioc about his lition. At 10:26 A M.,
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at a speed of 250 mi/h (112 m/s), the brightly painted XS-1 drops free from the
bomb bay of the B-29 Yeager fires lus Reaction Motors XLR-11 rocket engine
and, powered by 6000 Ib of thrust, the sleek airplane accelerates and climbs
rapidly. Trailing an exhaust jet of shock diamonds from the four convergent-
divergent rocket nozzles of the engine, the XS-1 is soon flying faster than Mach
0.85, that speed beyond which there is no wind tunnel data on the problems of
transonic flight in 1947. Entering this unknown regime, Yeager momentarily
shuts down two of the four rocket chambers, and carefully tests the controls of
the XS-1 as the Mach meter in the cockpit registers 0.95 and still increasing.
Small shock waves are now dancing back and forth over the top surface of the
wings. At an altitude of 40,000 ft, the XS-1 finally starts to level off, and Yeager
fires one of the two shutdown rocket chambers The Mach meter moves smoothly
through 0.98, 0.99, to 1.02. Here, the meter hesitates, then jumps to 1.06. A
stronger bow shock wave i1s now formed in the air ahead of the needlelike nose of
the XS-1 as Yeager reaches a velocity of 700 mi/h, Mach 1.06, at 43,000 ft. The
flight is smooth; there is no violent buffeting of the airplane and no loss of
control as was feared by some engineers. At this moment, Chuck Yeager becomes
the first pilot to successfully fly faster than the speed of sound, and the small but
beautiful Bell XS-1, shown in Fig 1.2, becomes the first successful supersonic

FIGURE 1.2
The Bell XS§-1, first manned supet aircraft (Courtesy of the National Air and Space Museum )
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airplane in the history of flight (For more details, see Refs. 1 and 2 listed at the
back of this book.)

Today, both de Laval’s 10-hp turbine from the World Columbian Exhibi-
tion and the orange Bell XS-1 are part of the collection of the Smithsonian
Institution of Washington, D.C., the former on display in the History of
Technology Building and the latter hanging with distinction from the roof of the
Nattonal Air and Space Museum. What these two machines have in common is
that, separated by more than half a century, they represent high-water marks in
the engineering application of the principles of compressible flow-—where the
density of the flow is not constant. In both cases they represent marked
departures from previous fluid dynamuc practice and experience.

The engineering fluid dynamic problems of the eighteenth, nineteenth, and
early twentieth centuries almost always involved either the flow of liquids or the
low-speed flow of gases; for both cases the assumption of constant density is
quite valid. Hence, the familiar Bernoulli’s equation

p + $pV? = const (1.1)

was invariably employed with success. However, with the advent of high-speed
flows, exemplified by de Laval’s convergent-divergent nozzle design and the
supersonic flight of the Bell XS-1, the density can no longer be assumed constant
throughout the flowfield. Indeed, for such flows the density can sometimes vary
by orders of magnitude. Consequently, Eq. (1 1) no longer holds. In this light,
such events were indeed a marked departure from previous experience in fluid
dynamics.

This book deals exclusively with that “marked departure,” i e, it deals with
compressible flows, in which the density is not constant. In modern engineering
applications, such flows are the rule rather than the exception. A few important
examples are the internal flows through rocket and gas turbine engines, high-speed
subsonic, transonic, supersonic, and hypersonic wind tunnels, the external flow
over modern airplanes designed to cruise faster than 0 3 of the speed of sound,
and the flow inside the common internal combustion reciprocating engine. The
purpose of this book is to develop the fundamental concepts of compressible
flow, and to illustrate their use.

1.2 DEFINITION OF COMPRESSIBLE FLOW

Compressible flow is routinely defined as variable density flow; this is in contrast
to incompressible flow, where the density is assumed to be constant throughout.
Obviously, in real life every flow of every fluid is compressible to some greater or
lesser extent; hence, a truly constant density (incompressible) flow is a myth.
However, as previously mentioned, for almost all liquid flows as well as for the
flows of some gases under certain conditions, the density changes are so small
that the assumption of constant densitv can be made with reasonable accuracy.
In such cases, Bernoulli's equation, Eq. (1.1), can be applied with confidence.
However, for the subject of this book—compressible flow—Eq (1.1) does not
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hold, and for our purposes here, the reader should dismiss it from his or her
thinking,.

The simple definition of compressible low as one in which the density is
variable requires more elaboration. Consider a small element of fluid of volume
0. The pressure exerted on the sides of the element by the neighboring fluid is p.
Assume the pressure is now increased by an infinitesimal amount dp. The volume
of the element will be correspondingly compressed by the amount dv. Since the
volume is reduced, dv is a negative quantity. The compressibility of the fluid, 7,
is defined as

T = 1 (1.2)

v dp

Physically, the compressibility is the fractional change in volume of the fluid
element per unit change in pressure. However, Eq. (1.2) is not sufficiently precise.
We know from experience that when a gas is compressed (say in a bicycle pump),
its temperature tends to increase, depending on the amount of heat transferred
into or out of the gas through the boundaries of the system. Therefore, if the
temperature of the fluid element is held constant (due to some heat transfer
mechanism), then the isothermal compressibility is defined as

-4,

On the other hand, if no heat is added to or taken away from the fluid element (if
the compression is adiabatic), and if no other dissipative transport mechanisms
such as viscosity and diffusion are important (if the compression is reversible),
then the compression of the fluid element takes place isentropically, and the
isentropic compressibility is defined as

1{dv
’T9= "E(*é;)s (14)

where the subscript s denotes that the partial derivative is taken at constant
entropy.

Compressibility is a property of the fluud Liquids have very low values of
compressibility (7, for water is 5 X 107 m?/N at 1 atm) whereas gases have
high compressibilities (7 for air is 107> m?/N at 1 atm, more than four orders
of magnitude larger than water). If the fluid element is assumed to have unit
mass, v is the specific volume (volume per unit mass), and the density is p = 1 /.
In terms of density, Eq (1.2) becomes

1de
TS o d (15)

Therefore, whenever the fluid experiences a change in pressure, dp, the corre-
sponding change in density will be dp, where from Eq (1 5)

dp = prdp (1.6)
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To this point, we have considered just the fluid itself, with compressibility
being a property of the fluid. Now assume that the fluid is in motion. Such flows
are initiated and maintained by forces on the fluid, usually created by, or at least
accompanied by, changes in the pressure. In particular, we shall see that high-
speed flows generally involve large pressure gradients. For a given change in
pressure, dp, due to the flow, Eq (1 6) demonstrates that the resulting change in
density will be small for liquids (which have low values of 7), and large for gases
(which have high values of 7). Therefore, for the flow of liquids, relatively large
pressure gradients can create hagh velocities without much change in density.
Hence, such flows are usually assumed to be incompressible, where p is constant
On the other hand, for the flow of gases with their attendant large values of r,
moderate to strong pressure gradients lead to substantial changes in the density
via Eq. (1.6). At the same time, such pressure gradients create large velocity
changes in the gas. Such flows are defined as compressible flows, where p is a
variable.

We shall prove later that for gas velocities less than about 0.3 of the speed
of sound, the associated pressure changes are small, and even though 7 is large
for gases, dp in Eq (1.6) may still be small enough to dictate a small dp For this
reason, the low-speed flow of gases can be assumed to be incompressible. For
example, the flight velocities of most airplanes from the time of the Wright
brothers in 1903 to the beginning of World War 1 in 1939 were generally less
than 250 mi/h (112 m/s), which is less than 0.3 of the speed of sound. As a
result, the bulk of early aerodynamic literature treats incompressible flow On the
other hand, flow velocities higher than 0.3 of the speed of sound are associated
with relatively large pressure changes, accompanied by correspondingly large
changes in density Hence, compressibility effects on airplane aerodynamics have
been important since the advent of hgh-performance aircraft in the 1940s.
Indeed, for the modern high-speed subsonic and supersonic aircraft of today, the
older incompressible theories are wholly inadequate, and compressible flow
analyses must be used.

In summary, in this book a compressible flow will be considered as one
where the change in pressure, dp, over a characteristic length of the flow,
multiplied by the compressibility via Eq. (1.6), results in a fractional change
in density, dp/p, which is too large to be ignored. For most practical problems,
if the density changes by 5 percent or more, the flow is considered to be com-
pressible.

Example 1.1. Consider the low-speed flow of air over an airplane wing at standard
sea level conditions; the free-stream velocity far ahead of the wing is 100 mi/h The
flow accelerates over the wing, reaching a maximum velocity of 150 mi/h at some
point on the wing What is the percentage pressure change between this point and
the free stream?

Solution. Since the airspeeds are relatively low, let us (for the first and only time in
this book) assume incompressible flow, and use Bernoulli’s equation for this
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problem (See Ref 1 for an elementary discussion of Bernoulli’s equation, as well as
Ref 104 for a more detailed presentation of the role of this equation in the solution
of incompressible flow Here, we assume that the reader is familiar with Bernoullr’s
equation—its use and its limitations If not, examune carefully the appropnate
discussions in Refs 1 and 104) Let points 1 and 2 denote the free stream and wing
points, respectively Then, from Bernoullt’s equation,

pt %lez =p, + %Psz
or PP = %P(Vf - Vf‘)

At standard sea level, p = 0 002377 slug/ft’ Also, using the handy conversion that
60 mi/h = 88 ft/s, we have V|, = 100 mi/h = 147 ft/s and ¥, = 150 mi/h =
220 ft /s (Note that, as always in this book, we will use consistent units, for
example, we will use either the English Engineering System, as in this problem, or
the International System See the footnote in Sec 14 of this book, as well as Chap
2 of Ref 1 By using consistent units, none of our basic equations will ever contain
conversion factors, such as g, and J, as is found in some references) With this
information, we have

P p=e(W — W)
= 1(0 002377)[ (220)” — (147)°] = 31 8 b /£

The fractional change in pressure referenced to the free-stream pressure, which at
standard sea level is p; = 2116 lb/ft?, is cbtained as
p—p 318

S = iig ~ 0015

Therefore, the percentage change in pressure is 1 5 percent In expanding over the
wing surface, the pressure changes by only 1 5 percent This is a case where, in Eq.
(16), dp is small, and hence dp is small The purpose of this example is to
demonstrate that, in low-speed flow problems, the percentage change in pressure is
always small, and this, through Eq (1 6), justifies the assumption of incompressible
ftow (dp = 0) for such flows. However, at ligh fiow velocities, the change in
pressure is not small, and the density must be treated as variable This is the regime
of compressible flow—the subject of this book Nore Bemoull’s equation used in
this example is good only for incompressible flow, therefore it will not appear again
in any of our subsequent discussions. Experience has shown that, because it is one
of the first equations usually encountered by students in the study of flud dynamics,
there is a tendency to use Bernoulli’s equation for situations where it is not valid
Compressible flow is one such situation Therefore, for our subsequent discussions
in this book, remember never to invoke Bernoulli’s equation

1.3 FLOW REGIMES

The age of successful manned flight began on December 17, 1903, when Orville
and Wilbur Wright took to the air in their historic Flyer I, and soared over the
windswept sand dunes of Kill Devil Hills in North Carolina. This age has
continued to the present with modern, high-performance subsonic and supersonic
airplanes, as well as the hypersonic atmospheric entry of space vehicles In the
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twentieth century, manned flight has been a major impetus for the advancement
of fluid dynamics in general, and compressible flow in particular. Hence, al-
though the fundamentals of compressible flow are applied to a whole spectrum of
modern engineering problems, their application to aerodynamics and propulsion
geared to airplanes and missiles is frequently encountered.

In this vein, it is useful to illustrate different regumes of compressible flow
by considering an aerodynamic body in a flowing gas, as sketched in Fig. 1.3.
First, consider some definitions. Far upstream of the body, the flow is uniform
with a free-stream velocity of V, A streamline is a curve in the flowfield which is
tangent to the local velocity vector V' at every point along the curve. Figure 1.3
itlustrates only a few of the infinite number of streamlines around a body.
Consider an arbitrary point in the flowfield, where p, T, p, and V are the local
pressure, temperature, density, and vector velocity at that point All of the above
quantities are point properties, and vary from one point to another in the flow. In
Chap. 3, we will show the speed of sound a to be a thermodynamic property of
the gas; hence a also varies from point to point in the flow. I a_ is the speed of
sound in the uniform free stream, then the ratio ¥, /a_, defines the free-stream
Mach number M_ . Similarly, the local Mach number M is defined as M = V/a,
and vartes from point to point in the flowfield. Further physical significance of
Mach number will be discussed in Chap. 3. In the present section, M simply will
be used to define four different flow regimes in fluid dynamics, as follows:

Subsonic Flow

Consider the flow over an airfoil section as sketched in Fig. 1.3a. Here, the local
Mach number is everywhere less than unity, Such a flow, where M < 1 at every
point, and hence the flow velocity is everywhere less than the speed of sound, is
defined as subsonic flow. This flow is characterized by smooth streamlines and
continuously varying properties Note that the initially straight and parallel
streamlines in the free stream begin to deflect far upstream of the body, ie., the
flow is forewarned of the presence of the body This is an important property of
subsonic flow, and will be discussed further in Chap. 4. Also, as the flow passes
over the airfoil, the local velocity and Mach number on the top surface increase
above their free-stream values However, if M_ is sufficiently less than 1, the
local Mach number everywhere will remain subsonic. For airfoils in common use,
if M_ <08, the flowfield is generally completely subsonic. Therefore, to the
airplane aerodynamicist, the subsonic regime is loosely identified with a free
stream where M__ < 0 8.

Transonic Flow

If M, remains subsonic, but is sufficiently near 1, the flow expansion over the
top surface of the airfoil may result in locally supersonic regions, as sketched in
Fig. 1 3b. Such a mixed region flow is defined as transonic flow In Fig 1.3b, M
is less than 1 but high enough to produce a pocket of locally supersonic flow.
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In most cases, as sketched in Fig. 1 3b, this pocket terminates with a shock wave
across which there is a discontinuous and sometimes rather severe change in flow
properties Shock waves will be discussed in Chap. 4. If M, is increased to
slightly above unity, this shock pattern will move to the trailing edge of the
airfoil, and a second shock wave appears upstream of the leading edge This
second shock wave is called the bow shock, and is sketched in Fig. 1.3c.
(Referring to Sec 1.1, this is the type of flow pattern existing around the wing of
the Bell XS-1 at the moment it was “breaking the sound barrier” at M_ = 106.)
In front of the bow shock, the streamlines are straight and parallel, with a
uniform supersonic free-stream Mach number In passing through that part of
the bow shock which is nearly normal to the free stream, the flow becomes
subsonic However, an extensive supersonic region again forms as the flow
expands over the airfoil surface, and again terminates with a trailing-edge shock
Both flow patterns sketched in Fig. 1.3b and ¢ are characterized by mixed regions
of locally subsonic and supersonic flow. Such mixed flows are defined as transonic
flows, and 0.8 < M_ < 1.2 is loosely defined as the transonic regime. Transonic
flow is discussed at length in Chap. 14.

Supersonic Flow

A flowfield where M > 1 everywhere is defined as supersonic. Consider the
supersonic flow over the wedge-shaped body in Fig. 1.3d. A straight, oblique
shock wave is attached to the sharp nose of the wedge. Across this shock wave,
the streamline direction changes discontinuously. Ahead of the shock, the stream-
lines are straight, parallel, and horizontal, behind the shock they remain straight
and parallel but in the direction of the wedge surface. Unlike the subsonic flow in
Fig. 1,34, the supersonic uniform free stream is not forewarned of the presence of
the body until the shock wave is encountered The flow is supersonic both
upstream and (usually, but not always) downstream of the oblique shock wave.
There are dramatic physical and mathematical differences between subsonic and
supersonic flows, as will be discussed in subsequent chapters.

Hypersonic Flow

The temperature, pressure, and density of the flow increase almost explosively
across the shock wave shown in Fig. 13d. As M_ is increased to higher
supersonic speeds, these increases become more severe At the same time, the
oblique shock wave moves closer to the surface, as sketched in Fig 1.3e For
values of M_ > 5, the shock wave is very close to the surface, and the flowfield
between the shock and the body (the shock layer) becomes very hot-indeed, hot
enough to dissociate or even ionize the gas Aspects of such high-temperature
chemically reacting flows are discussed in Chaps 16 and 17 These effects— thin
shock layers and hot, chemically reacting gases—add complexity to the analysis
of such flows For this reason, the flow regime for M_, > 5 is given a special label
—hypersonic flow The choice of M_ = 5 as a dividing point between supersonic
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and hypersonic flow is a rule of thumb. In reality, the special characteristics
associated with hypersonic flow appear gradually as M_ is increased, and the
Mach number at which they become important depends greatly on the shape of
the body and the free-stream density. Hypersonic flow is the subject of Chap 135.

[t is interesting to note that incompressible flow is a special case of subsonic
flow; namely, it is the limiting case where M, — 0. Since M, = V_ /a_, we have
two possibilities:

M_ — 0 because V_ — 0
M — 0 because a_ — 0

The former corresponds to no flow, and is trivial. The latter states that the speed
of sound in a truly incompressible flow would have to be infinitely large. This is
compatible with Eq. (1.6), which states that, for a truly incompressible flow where
dp = 0, 7 must be zero, i e., zero compressibility. We shall see in Chap. 3 that the
speed of sound is inversely proportional to the square root of r; hence 7 =0
implies an infinite speed of sound.

There are other ways of classifying flowfields For example, flows where the
effects of viscosity, thermal conduction, and mass diffusion are important are
called viscous flows. Such phenomena are dissipative effects which change the
entropy of the flow, and are important in regions of large gradients of velocity,
temperature, and chemical composition. Examples are boundary layer flows, flow
in long pipes, and the thin shock layer on high-altitude hypersonic vehicles
Friction drag, flowfield separation, and heat transfer all involve viscous effects.
Therefore, viscous flows are of major importance in the study of fluid dynamics.
In contrast, flows in which viscosity, thermal conduction, and diffusion are
ignored are called inviscid flows. At first glance, the assumption of inviscid flows
may appear highly restrictive; however, there are a number of important applica-
ttons which do not involve flows with large gradients, and which readily can be
assumed to be inviscid. Examples are the large regions of flow over wings and
bodies outside the thin boundary layer on the surface, flow through wind tunnels
and rocket engine nozzles, and the flow over compressor and turbine blades for
jet engines. Surface pressure distributions, as well as aerodynamic lift and
moments on some bodies, can be accurately obtained by means of the assump-
tion of inviscid flow In this book, viscous effects will not be treated except in
regard to their role in forming the internal structure and thickness of shock
waves. That is, this book deals with compressible, inviscid flows.

Finally, we will always consider the gas to be a continuum Clearly, a gas is
composed of a large number of discrete atoms and /or molecules, all moving in a
more or less random fashion, and frequently colliding with each other This
microscopic picture of a gas is essential to the understanding of the thermody-
namic and chemical properties of a high-temperature gas, as described in Chaps.
16 and 17. However, in deriving the fundamental equations and concepts for
fluid flows, we take advantage of the fact that a gas usually contains a large
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number of molecules (over 2 X 10* molecules/cm’ for air at normal room
conditions), and hence on a macroscopic basis the fluid behaves as if it were a
continuous material. This continuum assumption is violated only when the mean
distance an atom or molecule moves between collisions (the mean free path) is so
large that it is the same order of magnitude as the characteristic dimension of the
flow. This implies low density, or rarefied flow The extreme situation, where the
mean [ree path is much larger than the characteristic length and where virtually
no molecular collisions take place in the flow, is called free-molecular flow. In this
case, the flow is essentially a stream of remotely spaced particles. L ow-density
and free-molecular flows are rather special cases in the whole spectrum of fluid
dynamics, occurring in flight only at very high altitudes (above 200,000 ft), and in
special laboratory devices such as electron beams and low-pressure gas lasers.
Such rarefied gas effects are beyond the scope of this book.

1.4 A BRIEF REVIEW OF
THERMODYNAMICS

The kinetic energy per unit mass, V?/2, of a high-speed flow is large As the flow
moves over solid bodies or through ducts such as nozzles and diffusers, the local
velocity, hence local kinetic energy, changes. In contrast to low-speed or incom-
pressible flow, these energy changes are substantial enough to strongly interact
with other properties of the flow. Because in most cases high-speed flow and
compressible flow are synonymous, energy concepts play a major role in the
study and understanding of compressible flow In turn, the science of energy (and
entropy) is thermodynamics; consequently, thermodynamics is an essential ingre-
dient in the study of compressible flow.

This section gives a brief outline of thermodynamic concepts and relations
necessary to our further discussions. This is in no way an exposition on thermo-
dynamics, rather it is a review of only those fundamental ideas and equations
which will be of direct use in subsequent chapters.

Perfect Gas

A gas is a collection of particles (molecules, atoms, ions, electrons, etc.) which are
in more or less random motion Due to the electronic structure of these particles,
a force field pervades the space around them The force field due to one particle
reaches out and interacts with neighboring particles, and vice versa. Hence, these
fields are called intermolecular forces. The intermolecular force varies with
distance between particles; for most atoms and molecules it takes the form of a
weak attractive force at large distance, changing quickly to a strong repelling
force at close distance In general, these intermolecular forces influence the
motion of the particles; hence they also influence the thermodynamic properties

of the gas, which are nothing more than the macroscopic ramification of the
particle motion.
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At the temperatures and pressures characteristic of many compressible flow
applications, the gas particles are, on the average, widely separated. The average
distance between particles is usually more than 10 molecular diameters, which
corresponds to a very weak attractive force. As a result, for a large number of
engineering applications, the effect of intermolecular forces on the gas properties
1s negligible. By definition, a perfect gas is one in which intermolecular forces are
neglected. By ignoring intermolecular forces, the equation of state for a perfect
gas can be denived from the theoretical concepts of modern statistical mechanics
of kinetic theory. However, historically it was first synthesized from laboratory
measurements by Robert Boyle in the seventeenth century, Jacques Charles in the
eighteenth century, and Joseph Gay-Lussac and John Dalton around 1800. The
empirical result which unfolded from these observations was

p¥ = MRT (1.7)

where p is pressure (N/m? or Ib/ft?), ¥~ is the volume of the system (m® or ft?),
M is the mass of the system (kg or slug), R is the specific gas constant
[J/(kg - K) or (It - 1b)/(slug - °R)] which is a different value for different gases,
and T is the temperature (K or °R).Y This equation of state can be written in
nuany forms, most of which are summarized below for the reader’s convenience.
For example, if Eq. (1.7) is divided by the mass of the system,

pv = RT (1.8)

where v is the specific volume (m®/kg or ft?/slug). Since the density p = 1/v,
Eq. (1.8) becomes

p = pRT (1.9)

Along another track which is particularly useful in chemically reacting
systems, the early fundamental empirical observations also led to a form for the
equation of state as follows:

pY=NRT (1.10)

where 4" is the number of moles of gas in the system, and 2 is the universal gas
constant, which is the same for all gases. Recall that a mole of a substance is that
amount which contains a mass numerically equal to the molecular weight of the
gas, and which is identified with the particular system' of units being used, i.e, a
kilogram-mole (kg - mol)} or a slug-mole (slug - mol) For example, for pure

YTwo sets of consistent umts will be used throughout this book, the International System (SI) and the
English Engineering System In the SI system, the umts of force, mass, length, time, and temperature
are the newton (N), kilogram (kg), meter (m), second (s), and Kelvin (K), respectively; in the English
Engineening System they are the pound (Ib), slug, foot (ft), second (s), and Rankine (°R), respectively
The respective umts of energy are joules (J) and foot-pounds (ft 1b)
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diatomic oxygen (O,), 1 kg - mol has a mass of 32 kg, whereas 1 slug - mol has a
mass of 32 slug. Because the masses of different molecules are in the same ratio
as their molecular weights, 1 mol of different gases always contains the same
number of molecules, i.e, 1 kg - mol always contains 6.02 X 1026 molecules,
independent of the species of the gas. Continuing with Eq. (1.10), dividing by the

number of moles of the system yields
p¥ =aAT (1.11)

where ¥"' is the molar volume [m? /(kg - mol) or ft? /(slug - mol)]. Of more use in

gasdynamic problems is a form obtained by dividing Eq. (1.10) by the mass of
the system:

pv = nRT (1.12)

where v is the specific volume as before, and y is the mole-mass ratio
[(kg - mol)/kg and (slug - mol)/slug]. (Note that the kilograms and slugs in the
above units do not cancel, because the kilogram-mole and slug-mole are entities
in themselves; the “kilogram” and “slug” are just identifiers on the mole.) Also,
Eqg. (1.10) can be divided by the system volume, yielding

p=CaAT (1.13)
where C is the concentration [(kg - mol)/m’® or (slug - mol)/ft3].
Finally, the equation of state can be expressed in terms of particles. Let &,
be the number of particles in a mole (Avogadro’s number, which for a kilogram-
mole is 6.02 x 10?° particles). Multiplying and dividing Eq (1.13) by N,,

p= (NAC)(%)T (1.14)

Examining the units, N,C is physically the number density (number of
particles per unit volume), and %/N, is the gas constant per particle, which is
precisely the Boltzmann constant & Hence, Eq. (1.14) becomes

p = nkT (1.15)
where n denotes number density.

In summary, the reader will frequently encounter the different forms of the
perfect gas equation of state listed above However, do not be confused; they are
all the same thing and it is wise to become familiar with them all. In this book,
particular use will be made of Egs. (1.8), (1.9), and (1 12). Also, do not be
confused by the variety of gas constants They are easily sorted out as follows:

1. When the equation deals with moles, use the universal gas constant, which is
the “gas constant per mole.” It is the same for all gases, and equal to the
following in the two systems of units:

%= 8314J/(kg - mol - K)
X = 4.97 x 10* (ft - 1b) /(slug - mol - °R)



COMPRESSIBLE FLOW —SOME HISTORY AND INTRODUCTORY THOUGHTS 15

2. When the equation deals with mass, use the specific gas constant R, which is
the “gas constant per unit mass.” It is different for different gases, and is
related to the universal gas constant, R = %/.#, where .# is the molecular
weight. For air at standard conditions:

R =287 /(kg - K)
R = 1716 (ft - Ib) /(slug - °R)

3. When the equation deals with particles, use the Boltzmann constant k, which
is the “gas constant per particle”:

k=138 x10"2J/K
k=10565x10"% (ft-Ib)/°R

How accurate is the assumption of a perfect gas? It has been experimentally
determined that, at low pressures (near 1 atm or less) and at high temperatures
(standard temperature, 273 K, and above), the value pv/RT for most pure gases
deviates from unity by less than 1 percent However, at very cold temperatures
and high pressures, the molecules of the gas are more closely packed together,
and consequently intermolecular forces become more important. Under these
conditions, the gas is defined as a real gas. In such cases, the perfect gas equation
of state must be replaced by more accurate relations such as the van der Waals
equation

(p+ %)(u—b)=RT (1.16)

where a and b are constants that depend on the type of gas. As a general rule of
thumb, deviations from the perfect gas equation of state vary approximately as
p/T? In the vast majority of gasdynamic applications, the temperatures and
pressures are such that p = pRT can be applied with confidence. Such will be the
case throughout this book.

In the early 1950s, aerodynamicists were suddenly confronted with hyper-
sonic entry vehicles at velocities as high as 26,000 ft /s (8§ km/s). The shock layers
about such vehicles were hot enough to cause chemical reactions in the airflow
(dissociation, ionization, etc.). At that time, it became fashionable in the aerody-
namic literature to denote such conditions as “real gas effects.” However, in
classical physical chemustry, a real gas is defined as one in which intermolecular
forces are important, and the definition is completely divorced from the idea of
chemical reactions. In the preceding paragraphs, we have followed such a
classical definition. For a chemically reacting gas, as will be discussed at length in
Chap. 16, most problems can be treated by assuming a mixture of perfect gases,
where the relation p = pRT still holds. However, because R = #/# and 4
varies due to the chemical reactions, then R is a variable throughout the flow. It
1s preferable, therefore, not to identify such phenomena as “real gas effects,” and
this term will not be used in this book. Rather, we will deal with “chemucally
reacting mixtures of perfect gases,” which are the subject of Chaps. 16 and 17.
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Example 1.2. A pressure vessel that has a volume of 10 m’ is used to store
high-pressure air for operating a supersonic wind tunnel If the air pressure and

temperature inside the vessel are 20 atm and 300 X, respectively, what is the mass of
air stored in the vessel?

Solution. Recall that 1 atm =101 X 10° N/n?. From Eq (1 9)

_p (0101 x10%)
PTRT T T (28n(o0) 2% kg/m’

The total mass stored is then

M =7p = (10)(23.46) = | 234 6 kg

Example 1.3. Calculate the isothermal compressibility for air at a pressure of
05 atm

Solution. From Eq. (1.3)

1{ dv
T v\adp/,

From Eq (1 8)
RT
o= —
P
Thus
( BU) RT
dp T P2
Hence

1{dv p) RT 1
T\ p T——(RT Pt p

We see that the isothermal compressibility for a perfect gas is simply the reciprocal
of the pressure:

fp= — = —— =|2am"!

In terms of the International System of umts, where p = (0.5)(1.01 X 10%) =
505 x 10* N/n?,

=[198x107° m'/N

In terms of the English Engineering System of units, where p = (0 5)(2116) =
1058 b/t

To=|945x 107 ft?/Ib




COMPRESSIBLE FLOW —SOME HISTORY AND INTRODUCTQORY THOUGHTS 17

Internal Energy and Enthalpy

Returning to our microscopic view of a gas as a collection of particles in random
motion, the individual kinetic energy of each particle contributes to the overall
energy of the gas. Moreover, if the particle is a molecule, its rotational and
vibrational motions (see Chap. 16) also contribute to the gas energy Finally, the
motion of electrons in both atoms and molecules is a source of energy This small
sketch of atomic and molecular energies will be enlarged to a massive portratt in
Chap. 16; it is sufficient to note here that the energy of a particle can consist of
several different forms of motion. In turn, these energies, summed over all the
particles of the gas, constitute the infernal energy, e, of the gas. Moreover, if the
particles of the gas (called the system) are rattling about in their state of
“maximum disorder” (see again Chap. 16), the system of particles will be in
equilibrium.

Return now to the macroscopic view of the gas as a continuum. Here,
equilibrium is evidenced by no gradients in velocity, pressure, temperature, and
chemical concentrations throughout the system, ie., the system has uniform
properties. For an equilibrium system of a real gas where intermolecular forces
are important, and also for an equilibrium chemically reacting mixture of perfect
gases, the internal energy is a function of both temperature and volume. Let e
denote the specific internal energy (internal energy per unit mass). Then, the
enthalpy, h, is defined, per unit mass, as # = e + pv, and we have

e=2¢(T,v)
k= h(T, p) (117)

for both a real gas and a chemically reacting mixture of perfect gases

If the gas is not chemically reacting, and if we ignore intermolecular forces,
the resulting system is a thermally perfect gas, where internal energy and enthalpy
are functions of temperature only, and where the specific heats at constant
volume and pressure, ¢, and c,, are also functions of temperature only:

e=e(T)
h=h(T)
de = ¢, dT
dh = ¢, dT (1.18)

The temperature variation of ¢, and ¢, is associated with the vibrational and
electronic motion of the particles, as will be explained in Chap. 16.

Finally, if the specific heats are constant, the system is a calorically perfect
gas, where

e =c,T

h=c,T (1.19)
In Egs. (1.19), it has been assumed that h=e=0at 7T = 0.
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In many compressible flow applications, the pressures and temperatures are
moderate enough that the gas can be considered to be calorically perfect. Indeed,
there 1s a large bulk of literature for flows with constant specific heats. For the
first half of this book, a calornically perfect gas will be assumed. This is the case
for atmospheric air at temperatures below 1000 K. However, at higher tempera-
tures the vibrational motion of the O, and N, molecules in air becomes
important, and the air becomes thermally perfect, with specific heats that vary
with temperature. Finally, when the temperature exceeds 2500 K, the O, molecules
begin to dissociate into O atoms, and the air becomes chemically reacting. Above
4000 K, the N, molecules begin to dissociate. For these chemically reacting cases,
from Eqgs. (1.17), e depends on both T and v, and A depends on both T and p.
(Actually, in equilibrium thermodynamics, any state variable is uniquely deter-
mined by any two other state variables. However, it is convenient to associate T
and v with e, and T and p with h.) Chapters 16 and 17 will discuss the
thermodynamics and gasdynamics of both thermally perfect and chemically
reacting gases.

Consistent with Eq. (1.9) and the definition of enthalpy is the relation

¢, = ¢,=R (1.20)
where the specific heats at constant pressure and constant volume are defined as
_( dh
“»=\9T7),

de
and ¢, = (“a*“f) .

respectively. Equation (1.20) holds for a calorically perfect or a thermally perfect
gas. It is nor valid for either a chemically reacting or a real gas. Two useful forms

of Eq. (1.20) can be simply obtained as follows. Divide Eq. (1 20) by ¢,
¢, R
G

Define y = c,/c,. For air at standard conditions, v = 1.4. Then Eq. (1.21)
becomes

1 - (121)

1_2Z&
Y ¢,

Solving for ¢,

¢, = —— (1.22)

Similarly, by dividing Eq. (1.20) by ¢, we find that

€, = —= (123)
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Equations (1 22) and (1.23) hold for a thermally or calorically perfect gas; they
will be useful in our subsequent treatment of compressible flow

Example 1.4. For the pressure vessel in Example 12, calculate the total internal
energy of the gas stored in the vessel

Solution. From Eq (1 23)

_ R w7
©Ty -1 T 14

7 = T751/kg K
From Eq (119)

e = ¢, T = (717 5)(300) = 2153 x 10° J /kg

From Example 1 2, we calculated the mass of air in the vessel to be 234.6 kg. Thus,
the total internal energy is

E=Me=(2346)(2153 x 10°) = {505 x 10" J

First Law of Thermodynamics

Consider a system, which is a fixed mass of gas separated from the surroundings
by a flexible boundary. For the time being, assume the system is stationary, i.e, it
has no directed kinetic energy. Let §¢ be an incremental amount of heat added
to the system across the boundary (say by direct radiation or thermal conduction).
Also, let 8w denote the work done on the system by the surroundings (say by a
displacement of the boundary, squeezing the volume of the system to a smaller
value). Due to the molecular motion of the gas, the system has an internal energy
e. (This is the specific internal energy if we assume a system of unit mass.) The
heat added and work done on the system cause a change in energy, and since the
system is stationary, this change in energy is stmply de-

[Sq + 8w = de (1.24)

This is the first law of thermodynamics; it is an empirical result confirmed by
laboratory and practical experience. In Eq. (1 24), e is a state variable. Hence, de
is an exact differential, and its value depends only on the inittal and final states of
the system. In contrast, 8¢ and dw depend on the process in going from the
initial and final states.

For a given de, there are in general an infinite number of different ways
(processes) by which heat can be added and work done on the system. We will be
primarily concerned with three types of processes as follow-

1. Adiabatic process—one in which no heat is added to or taken away from the
system

2. Reversible process—one in which no dissipative phenomena occur, ie., where
the effects of viscosity, thermal conductivity, and mass diffusion are absent

3. Isentropic process—one which is both adiabatic and reversible
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For a reversible process, it can be easily proved (see any good text on
thermodynamucs) that 8w = —p dv, where dv is an incremental change in specific

volume due to a displacement of the boundary of the system. Hence, Eq. (1.24)
becomes

8q — pdv = de (1.25)

If, in addition, this process is also adiabatic (hence isentropic), Eq. (1.25) leads to
some extremely useful thermodynamic formulas. However, before obtaining these
formulas, it is useful to review the concept of entropy.

Entropy and the Second Law of Thermodynamics

Consider a block of ice in contact with a red-hot plate of steel. Experience tells us
that the ice will warm up (and probably melt) and the steel plate will cool down.
However, Eq. (1.24) does not necessarily say this will happen. Indeed, the first
law allows that the ice may get cooler and the steel plate hotter—just as long as
energy is conserved during the process. Obviously, this does not happen; instead,
nature imposes another condition on the process, a condition which tells us in
which direction a process will take place. To ascertain the proper direction of a
process, let us define a new state variable, the entropy, as follows:

_— Sqrev
T

where s is the entropy of the system, 8¢, is an incremental amount of heat
added reversibly to the system, and T is the system temperature. Do not be
confused by the above definition. It defines a change in entropy in terms of a
reversible addition of heat, 8q,,,. However, entropy is a state variable, and it can
be used in conjunction with any type of process, reversible or irreversible. The
quantity 8¢q,., is just an artifice; an effective value of 8¢, can always be assigned
to relate the initial and end points of an irreversible process, where the actual

amount of heat added is 8g. Indeed, an alternative and probably more lucid
relation is :

ds

ds =2 ¢ ds,,., (1 26)

Equation (1.26) applies in general; it states that the change in entropy during any
incremental process is equal to the actual heat added divided by the temperature,
8q/T, plus a contribution from the irreversible dissipative phenomena of viscos-
ity, thermal conductivity, and mass diffusion occurring within the system, ds;
These dissipative phenomena always increase the entropy:

ds

irrev 2 0 (1 27)

The equal sign denotes a reversible process, where by definition the above
dissipative phenomena are absent. Hence, a combination of Egs. (1 26) and (1 27)
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yields

8
ds > T‘f (1.28)

Furthermore, if the process is adiabatit, 8g = 0, and Eq. (1.28) becomes

ds =0 (1.29)

Equations (1.28) and (1.29) are forms'of the second law of thermodynamics. The
second law tells us in what direction-a process will take place. A process will
proceed in a direction such that the entropy of the system plus surroundings
always increases, or at best stays the same. In our example at the beginning of
this section, consider the system to be both the ice and steel plate combined. The
simultaneous heating of the ice and cooling of the plate yields a nel increase in
entropy for the system. On the other hand, the impossible situation of the ice
getting cooler and the plate hotter would yield a net decrease in entropy, a
situation forbidden by the second law. In summary, the concept of entropy in

combination with the second law allows us to predict the direction that nature
takes.

Calculation of Entropy

Consider again the first law in the form of Eq. (1.25). If we assume that the heat
is reversible, and we use the definition of entropy in the form 8q,,, = Tds, then
Eq. (1.25) becomes

Tds — pdv = de
Tds =de+ pdv (1.30)
Another form can be obtained in terms of enthalpy. For example, by definition,
h=e+ pv
Differentiating, we obtain
dh =de + pdv + vdp (131)

Combining Egs. (1.30) and (1.31), we have

Tds=dh—vdp (1.32)

Equations (1.30) and (1 32) are important, and should be kept in mind as much
as the original form of the first law, Eq. (1 24).
For a thermally perfect gas, from Eq. (1.18), we have dh = ¢, dT Substitu-
tion into Eq. (1.32) gives
dT  vdp
ds = CP;T - -—-T-:* (1.33)
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Substituting the perfect gas equation of state pv = RT into Eq. (1.33), we have

ds = cp%z: - R%p (1.34)

Integrating Eq. (1.34) between states 1 and 2,

T, dT p
5, — 5 = fTECP*T — Rln22 (1.35)
1

F

Equation (1 35) holds for a thermally perfect gas It can be evaluated if ¢, is
known as a function of 7. If we further assume a calorically perfect gas, where ¢,
is constant, Eq (1.35) yields

T
-5 =clnp — R m%f— (1 36)

Stmilarly, starting with Eq. (1 30), and using de = ¢, dT, the change in
entropy can also be obtained as

T
5= s =c,Inp +Rln5—j (137)

As an exercise, show this yourself Equations (1.36) and (1.37) allow the calcula-
tion of the change in entropy between two states of a calorically perfect gas in
terms of either the pressure and temperature, or the volume and temperature.
Note that entropy is a function of both p and T, or v and T, even for the simplest
case of a calorically perfect gas.

Example 1.5. Consider the air in the pressure vessel in Example 12 Let us now heat
the gas in the vessel Enough heat is added to increase the temperature to 600 K
Calculate the change in entropy of the air inside the vessel

Solution. The vessel has a constant volume; hence as the air temperature 1s
increased, the pressure also increases Let the subscnpts 1 and 2 denote the
conditions before and after heating, respectively Then, from Eq (1 8),

In Example 1 4, we found that ¢, = 7175 J/kg K Thus, from Eq (1 20)
¢, =c,+ R="7T175+287=1004 51/kg K
From Eq (1 36)

ln&

T
sz—s,=cp1n~7~%«R L

= 1004 SIn2 — 287In2 =49731/kg K
From Example 12, the mass of air inside the vessel is 234 6 kg. Thus, the total
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entropy change is

S, — 8, = M(s, — 5,) = (234.6)(4973) = | 1 167 x 10° J/K

Isentropic Relations

An isentropic process was defined above as adiabatic and reversible. For an
adiabatic process, 8¢ = 0, and for a reversible process, ds; ., = 0 Hence, {from
Eq. (1.26), an isentropic process is one in which ds =0, ie., the entropy is
constant

Important relations for an isentropic process can be obtained directly from

Eqgs. (1.36) and (1.37), setting s, = s;. For example, from Eq. (1.36)

T, P2
0= cplnT; - Rlnz
Pr_ Sy D
In TR In T
¢, /R
P L\
p—j = (—f":i) (1.38)
Recalling Eq. (1.22),
N
R vy—1
and substituting into Eq. (1.38),
T v/A(r—1)
% = (-f) (1.39)

Similarly, from Eq. (1.37)

T.
D=cvlnr2+Rln2%

T; Uy
U _ Gy
lnv1 =~-R In T,
¢ /R
v, (T,
. (Tl) (1.40)
From Eq. (1.23)
Cy 1
R-7-1

Substituting into Eq. (1.40), we have

-I/(y-1)
n_ (4L
: ‘(Tl) (1.41)
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Recall that p,/p;, = v, /v,. Hence, from Eq. (1.41)

1/4y-1
Eg_:(Tz)/{Y)

o e (1.42)

I

Summarizing Eqs. (1.39) and (1 42),

&_ 0, 7“ T2 y/Ay—1)
P (?3?) B (Tl) (1.43)

Equation (1.43) is important. It relates pressure, density, and temperature for an
isentropic process, and is very frequently used in the analysis of compressible
flows.

You might legitimately ask the questions why Eq. (1.43) is so important,
and why 1t is frequently used. Indeed, at first thought the concept of an isentropic
process itself may seem so restrictive—adiabatic as well as reversible—that one
might expect 1t to find only limited applications. However, such is not the case
For example, consider the flows over an airfoil and through a rocket engine In
the regions adjacent to the airfoil surface and the rocket nozzle walls, a boundary
layer is formed wherein the dissipative mechanisms of viscosity, thermal conduc-
tion, and diffusion are strong. Hence, the entropy increases within these bound-
ary layers. On the other hand, consider the fluid elements outside the boundary
layer, where dissipative effects are negligible. Moreover, no heat is being added or
taken away from the fluid elements at these points—hence, the flow is adiabatic.
As a result, the fluid elements outside the boundary layer are experiencing
adiabatic and reversible processes—namely, isentropic flow. Moreover, the vis-
cous boundary layers are usually thin, hence large regions of the flowfields are
isentropic. Therefore, a study of isentropic flows is directly applicable to many
types of practical flow problems. In turn, Eq. (143) is a powerful relation for
such flows, valid for a caloncally perfect gas.

This ends our brief review of thermodynamics. Its purpose has been to give
a quick summary of ideas and equations which will be employed throughout our
subsequent discussions of compressible flow. Aspects of the thermodynamics
associated with a high-temperature chemically reacting gas will be developed as
necessary in Chap. 16.

Example 1.6. Consider the flow through a rocket engine nozzle Assume that the gas
flow through the nozzle is an isentropic expansion of a caloncally perfect gas In the
combustion chamber, the gas which results from the combustion of the rocket fuel
and oxidizer is at a pressure and temperature of 15 atm and 2500 K, respectively,
the molecular weight and specific heat at constant pressure of the combustion gas
are 12 and 4157 J/kg K, respectively The gas expands to supersomc speed
through the nozzle, with a temperature of 1350 K at the nozzle exit Calculate the
pressure at the exat
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Solution. From our earlier discussion on the equation of state,

x 8314

From Eq. (1 20)
¢, = ¢, — R=4157 — 692 8 = 3464 J /kg - K
Thus
I ) =
Y=o =3 — 12

From Eq. (1.43), we have

Py ( Tz)v/(rl) ( 1350)1 1/(12-1)

w7 550 = 00248

py = 0025p, = (0.0248)(15 atm) = | 0.372 atm

1.5 AERODYNAMIC FORCES ON A BODY

The history of fluid dynamics is dominated by the quest to predict forces on a
body moving through a fluid—ships moving through water, and in the nineteenth
and twentieth centuries aircraft moving through air, to name just a few examples
Indeed, Newton's treatment of fluid flow in his Principia (1687) was oriented in
part towards the prediction of forces on an inclined surface. The calculation of
aerodynamic and hydrodynamic forces. still remains a central thrust of modern
fluid dynamics. This is especially true for compressible flow, which governs the
aerodynamic lift and drag on high-speed subsonic, transonic, supersonic, and
hypersonic airplanes, and missiles. Therefore, in several sections of this book, the
fundamentals of compressible flow will be applied to the practical calculation of
aerodynamic forces on high-speed bodies.

The mechanism by which nature transmits an aerodynamic force to a
surface 1s straightforward. This force stems from only two basic sources: surface
pressure and surface shear stress. Consider, for example, the airfoil of unit span
sketched in Fig. 1.4. Let s be the distance measured along the surface of the
airfoil from the nose. In general, the pressure p and shear stress = are functions
of 5; p= p(s) and 7 = 7(5). These pressure and shear stress distributions are
the only means that nature has to communicate an aerodynamic force to the
airfoil. To be more specific, consider an elemental surface area d4S on which is
exerted a pressure p acting normal to dS and a shear stress 7 acting tangential to
dS, as sketched in Fig. 1.4. Let n and m be unit vectors perpendicular and
parallel, respectively, to the element 45, as shown in Fig. 1.4. For future
discusston, it is convenient to define a vector dS = n 4S; hence 48 is a vector
normal to the surface with a magnitude 4S. From Fig. 1.4, the elemental force
dF acting on 45 1s then

dF = —pndS + 7mdS = —pdS + rm dS (1 44)
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Airfoil

FIGURE 1.4
Sources of acrodynamic force, resultant force and its resolution into lift and drag

Note from Fig 1.4 that p acts toward the surface, whereas dS = n dS is directed
away from the surface. This is the reason for the munus sign in Eq. (1.44). The
total aerodynamic force F acting on the complete body is simply the sum of all
the element forces acting on all the elemental areas. This can be expressed as a
surface integral, using Eq. (1.44), as follows:

F=ﬂ5dﬁ*= mg{ﬁpds+gj§mds (1.45)

On the right-hand side of Eq. (1.45), the first integral is the pressure force on the
body, and the second is the shear, or friction force. The integrals are taken over
the complete surface of the body.

Consider x, y, z orthogonal coordinates as shown in Fig. 1.4. Let x and y
be parallel and perpendicular, respectively, to V. If F is the net aerodynamic
force from Eq. (1.45), then the lift L and drag D are defined as the components
of F in the y and x directions, respectively. In aerodynamics, ¥ is called the
relative wind, and lift and drag are always defined as perpendicular and parallel,
respectively, to the relative wind. For most practical aerodynamic shapes, L 1s
generated mainly by the surface pressure distribution; the shear stress distribu-
tion generally makes only a small contribution. Hence from Eq (1.45) and
Fig. 1.4, the aerodynamic lift can be approximated by

L = y component of [m #p dS] (1.46)

With regard to drag, from Eq. (1.45) and Fig. 1.4,

D = x component of {—- @p dS] + x component of [@Tm dS] (1.47)

pressure drag skin-frniction drag
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In this book, inviscid flows are dealt with exclusively, as discussed in Sec.
1.3. For many bodies, the inviscid flow accurately determines the surface pressure
distribution. For such bodies, the results of this book in conjunction with Eq
(1 46) allow a reasonable prediction of lift. On the other hand, drag is due both to
pressure and shear stress distributions via Eq. (1.47). Since we will not be
constdering viscous flows, we will not be able to calculate skin friction drag.
Moreover, the pressure drag in Eq. (1.47) is often influenced by flow separation
from the body—also a wiscous effect Hence, the fundamentals of inviscid
compressible flow do not lead to an accurate prediction of drag for many
situations. However, for pressure drag on slender supersonic shapes due to shock
waves, so-called wave drag, inviscid techniques are usually quite adequate, as we
shall see in subsequent chapters.

Example 1.7. A flat plate with a chord length of 3 ft and an infinite span
(perpendicular to the page in Fig 1.5) is immersed in a Mach 2 flow at standard sea
level conditions at an angle of attack of 10° The pressure distribution over the plate
is as follows: upper surface, p, = const = 1132 Ib /ft?; lower surface, p, = const =
3568 1b /ft?> The local shear stress is given by =, = 13/£92 where 7, is in pounds
per square feet and £ is the distance in feet along the plate from the leading edge
Assume that the distribution of 7, over the top and bottom surfaces is the same
Both the pressure and shear stress distributions are sketched qualitatively in Fig
1 5. Calculate the lift and drag per unit span on the plate

Solution. Considering a umt span,

~dppas = [~f03p2 di + f03p3 d&]n = [ —(1132)(3) + (3568)(3)]n = 7308n

From Eq (1 46)

L =y component of {—#p a’S] = 7308 cos 10° = | 7197 Ib | per unit span

From Eq (147)

Pressure drag = wave drag = D, = x component of [ﬂ#p dS]

Hence

D, = 7308 5in10° = | 1269 Ib | per umt span

Also from Eq (1 46)

Skin-friction drag = D, = x component of [#rm das ]

dprm ds = [13]35—0 2 a’&]m =16 25¢/5[)m = 39 13m
0
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3= 3568 Ib/[[z

Pressure distribution

Shear stress distribution

FIGURE 1.5
Geometry for Example 17

Hence, recalling that shear stress acts on both sides,

Dy =2(3913)cos10° = | 771 1b l per unit span

D=D, + D

D=12691b + 771 1b = 1346lb.

Note: For this example, the drag is mainly wave drag; skin-friction drag accounts
for only 57 percent of the total drag This illustrates an important point. For

The total drag is
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supersomc flow over slender bodies at a reasonable angle of attack, the wave drag 1s
the primary drag contributor at sea level, far exceeding the skin-friction drag For
such applications, the inviscid methods discussed in this book suffice, because the
wave drag (pressure drag) can be obtamned from such methods We see here also
why so much attention is focused on the reduction of wave drag—because it is
frequently the primary drag component At smaller angles of attack, the relative
proportion of D, to D increases. Also, at higher altitudes, where viscous effects
become stronger (the Reynolds number is lower), the relative proportion of D; to D
increases

1.6 MODERN COMPRESSIBLE FLOW

In Sec. 1.1, we saw how the convergent-divergent steam nozzles of de Laval
helped to usher compressible flow into the world of practical engineering applica-
tions. However, compressible flow did not begin to receive major attention until
the advent of jet propulsion and high-speed flight during World War II. Indeed,
between 1945 and 1960, the fundamentals and applications of compressible flow
became essentially “classic,” generally characterized by

I. Treatment of a calorically perfect gas, 1.e., constant specific heats.

2. Exact solutions of flows in one dimension, but usually approximate solutions
(based on linearized equations) for two- and three-dimensional flows. These
solutions were closed form, yielding equations or formulas for the desired
information. Exceptions were the method of characteristics, an exact numeri-
cal approach applicable to certain classes of compressible flows (see Chap. 11),
and the exact Taylor-Maccoll solution to the flow over a sharp, right-circular
cone at zero angle of attack (see Chap. 10). Both of these exceptions required
numerical solutions which were laborious endeavors before the advent of the
modern high-speed digital computer

Many good textbooks on classical compressible flow have been written since
1945. Some of them are listed as Refs 3 through 17 at the end of this book. The
reader is strongly encouraged to study these references, because a thorough
understanding of classical compressible flow is essential to modern applications.

Since approximately 1960, compressible flow has entered a “modern”
period, characterized by

1. The necessity of dealing with high-temperature, chemically reacting gases
associated with hypersonic flight and rocket engines, hence requiring a major

extension and modification of the classical literature based on a calorically
perfect gas.

2. The rise of computational fluid dynamics, which is a new third dimension in
fluid dynamics, complementing the previous existing dimensions of pure
experiment and pure theory. With the advent of modern high-speed digital
computers, and the subsequent development of computational fluid dynamics
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as a distinct discipline, the practical solution of the exact governing equations
for a myriad of complex compressible flow problems is now at hand. In brief,
computational fluid dynamics is the art of replacing the governing partial
differential equations of fluid flow with numbers, and advancing these num-
bers in space and/or time to obtain a final numencal description of the
complete flowfield of interest. The end product of computational fluid dynam-
ics is indeed a collection of numbers, in contrast to a closed-form analytical
solution. However, in the long run the objective of most engineering analyses,
closed-form or otherwise, is a quantitative description of the problem, i.e.,
numbers. (See, {or example, Ref 18.)

The modern compressible flow of today is a mutually supportive mixture of
classical analyses along with computational techniques, with the treatment of
noncalorically perfect gases as almost routine. The purpose of this book is to
provide an understanding of compressible flow from this point of view. Its intent
1s to blend the important aspects of classical compressible flow with the recent
techniques of computational fluid dynamics. Moreover, the first part of the book
will deal almost exclusively with a calonically perfect gas. In turn, the second part
will contain a logical extension to realms of high-temperature gases, and the
results will be contrasted with those from classical analyses. In addition, various
historical aspects of the development of compressible flow, both classical and
modern, will be included along with the technical material. In this fashion, it is
hoped that the reader will gain an appreciation of the heritage of the discipline.
The author feels strongly that a knowledge of such historical traditions and
events is important for a truly fundamental understanding of the discipline.

1.7 SUMMARY

The compressibility is generically defined as

1 dv
T=—7 5’}; (1.2)
hence
dp = prdp (1.6)

From Eq. (1.6), a flow must be treated as compressible when the pressure
gradients in the flowfield are large enough such that, in combination with a large
enough value of the compressibility, , the resulting density changes are too large
to ignore For gases, this occurs when the flow Mach number is greater than
about 0 3. In short, for high-speed flows, the density becomes a vartable; such
variable-density flows are called compressible flows

High-speed, compressible flow is also high-energy flow. Thermodynamics is
the science of energy and entropy; hence a study and application of compressible
flow involves a coupling of purely fluid dynamic fundamentals with the results of
thermodynamics.
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Compressible flow pertains to lows at Mach numbers from 0.3 to infinity.

In turn, this range of Mach number is subdivided into four regimes, each with its
own distinguishing physical characteristics and different analytical methods.
These regimes are subsonic, transonic, supersonic, and hypersonic flow. Each of
these regimes is discussed at length in this book.

PROBLEMS

L1

1.2

1.3.

1.4.

1.5.

L6.

At the nose of a mussile in flight, the pressure and temperature are 5 6 atm and 850°R,,
respectively Calculate the density and specific volume (Note. 1 atm = 2116 Ib/ft2)
In the reservoir of a supersonic wind tunnel, the pressure and temperature of air are
10 atm and 320 K, respectively Calculate the density, the number density, and the
mole-mass ratio (Nofe' 1 atm = 1.01 x 10° N/m?) |

For a calorically perfect gas, denive the relation ¢, — ¢, = R Repeat the derivation
for a thermally perfect gas

The pressure and temiperature ratios across a given portion of a shock wave in air
are p,/p; = 45 and T,/T, = 1687, where 1 and 2 denote conditons ahead of and
behind the shock wave, respectively. Calculate the change in entropy in units of
(a) (ft Ib)/(slug - °R) and (b) I/(kg - K)

Assume that the flow of air through a given duct is isentropic At one point in the
duct, the pressure and temperature are p, = 1800 Ib/ft? and T; = 500°R, respec-

tively At a second point, the temperature is 400°R. Calculate the pressure and
density at this second point

Consider a room that is 20 ft long, 15 ft wide, and 8 ft huigh For standard sea level
conditons, calculate the mass of air in the room in slugs. Calculate the weight in
pounds. (Note If you do not know what standard sea level conditions are, consult
any aerodynamics text, such as Reference 104, for these values Also, they can be
obtained from any standard atmosphere table )



CHAPTER
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INTEGRAL
FORMS OF THE
CONSERVATION
EQUATIONS
FOR INVISCID
FLOWS

Mathematics up to the present day have been quite useless to us in regard to flying.

From the 14th Annual Report of the Aeronautical Society of Great Britain, 1879

Mathematical theories from the happy hunting grounds of pure mathematicians are found
suitable to describe the airflow produced by aircraft with such excellent accuracy that they can
be applied directly to airplane design

Theodore von Karman, 1954

2.1 PHILOSOPHY

Consider the flowfield over an arbitrary aerodynamic body. We are interested in
calculating the properties ( p, p, T, V, etc.) of the lowfield at all points within the
flow. Why? Because, if we can calculate the flow properties throughout the flow,
then we can certainly compute them on the surface of the body. In turn, from the

32



INTEGRAL FORMS OF THE CONSERVATION EQUATIONS FOR INVISCID FLOWS 33

surface distributions of p, T, p,V, etc., we can compute the aerodynamic forces
(lift and drag), moments, and heat transfer on the body. Indeed, the calculation
of such practical information is one of the main functions of theoretical fluid
mechanics, whether the body be a supersonic missile in flight, a submarine under
water, or a high-rise apartment building in a hurricane The essential point here 1s
that in order to obtain practical information on engineering devices involving
fluid flows, it is frequently necessary to approach the theoretical solution of the
complete flowfield.

How do we calculate the flowfield properties? The answer is from equa-
tions, algebraic, differential, or integral, which relate p,p, T,V, etc., to each
other, along with suitable boundary conditions for the problem. The equations
are obtained from the fundamental laws of nature applied to fluid flows. These
laws and equations are a necessary prerequisite for an understanding of com-
pressible flow. Therefore, let us proceed to establish these fundamental results

2.2 APPROACH

In obtaining the basic equations of fluid motion, the following approach is always
taken:

1. Choose the appropriate fundamental physical principles from the laws of
nature, such as

a. Mass is conserved.
b. Force = mass X acceleration.
c. Energy is conserved.

2. Apply these physical principles to a suitable model of the flow.

3. From this application, extract the mathematical equations which embody such
physical principles.

We first consider step 2 above, namely, what constitutes a suitable model of
the flow? This is a somewhat subtle question. In contrast to the dynamics of
well-defined solid bodies, on which it is usually apparent where to apply forces
and moments, the dynamics of a fluid are complicated by the “squishy” nature of
a rather elusive continuous medium which generally extends over large regions in
space. Consequently, fluid dynamicists have to focus on specific regions of the
flow, and apply the fundamental laws to a subscale model of the fluid motion.
Three such models can be employed, as follows.

Finite Control Volume Approach

Consider a general flowfield, as represented by the streamlines in Fig. 2.1. Let us
imagine a closed volume drawn within a finite region of the flow. This is defined
as a control volume with volume ¥~ and surface area S. The control volume may
be either fixed in space with the fluid moving through it, or moving with the fluid
such that the same fluid particles are always inside it.
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Finite control volume fixed

in space with the fluid moving
through it

FIGURE 2.1
Fimte control volume approach

With the application of the above mentioned fundamental physical princi-
ples to these finite control volumes, fixed or moving, integral equations for the
fluid properties can be directly obtained. With some further manipulation,
differential equations for the fluid properties can be indirectly extracted.

Finite control volume moving with the
fluid such that the same fluid particies
are always in the same control volume

Infinitesimal Fluid Element Approach

Consider a general flowfield as represented by the streamlines in Fig. 2.2. Let us
imagine an infinitesimally small fluid element in the flow, with volume d%". The
fluid element is infinitesimal in the same sense as differential calculus; however, it

\,/

Volume, dV

——<
—_

Infinitesimal fluid element fixed in
space with the fluid moving through it

FIGURE 2.2
Infimtesimal fluid element approach

-

Volume, dV

.

Infinitesimai fluid element moving along a

streamline with the velocity V equal to the

flow vejocity at each point

V.M
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1s large enough to contain a huge number of molecules so that it can be viewed as
a continuous medium (see the discussion of a continuum in Sec 1.3) The fluid
element may be fixed in space with the fluid moving through it, or it may be
moving along a streamline with velocity V equal to the flow velocity at each
point. With the application of the fundamental physical principles to these fluid

elements, fixed or moving, differential equations for the fluid properties can be
directly obtained.

Molecular Approach

In actuality, of course, the motion of a fluid is a ramification of the mean
molecular motion of its particles. Therefore, a third model of the flow can be a
microscopic approach wherein the fundamental laws of nature are applied
directly to the molecules, with suitable statistical averaging. This leads to the
Boltzmann equation from kinetic theory, from which the governing differential
equations for the fluid properties can be extracted. This is an elegant approach,
with many advantages in the long run However, it is beyond the scope of the
present book. The reader should consult the authoritative book by Hirchfelder,
Curtis, and Bird (Ref. 19) for more details.

In summary, although many variations on the theme can be found in
different texts for the derivation of the general equations of fluid flow, the flow
model can usually be categorized as one of the approaches described above For
the sake of consistency the model of a fixed finite control volume will be
employed for the remainder of this chapter. —

2.3 CONTINUITY EQUATION
Physical Principle

MASS CAN BE NEITHER CREATED NOR DESTROYED. Let us apply this
principle to the model of a fixed control volume in a flow, as illustrated in Fig.
2 3. The volume is #7, and the area of the closed surface i1s S. First, consider
point B on the control surface and an elemental area around B, dS Let n be a
unit vector normal to the surface at B Define dS = n dS. Also, let V and p be
the local velocity and density at B The mass flow (slug/s or kg/s) through any
elemental surface arbitrarily oriented in a flowing fluid is equal to the product of
density, the component of velocity normal to the surface, and the area (Prove

this to yourself.) Letting /1 denote the mass flow through 4S, and referring to
Fig. 2.3,

m=p(Vcos8)dS = pV, dS = pV - dS (2.1)

[Note' The product pV, is called the mass flux, i e, the flow of mass per unit area
per unit time Whenever you see a product of (density X velocity) in fluid
mechanics, it can always be interpreted as mass flow per second per unit area
perpendicular to the velocity vector | The net mass flow info the control volume



36 MODERN COMPRESSIBLE FLOW

ds

FIGURE 23
Fixed control volumne for denvation of the
goverming equations

through the entire control surface S is the sum of the elemental mass flows from

Eq. (2.1), namely,
= gﬁpv . dS
s

where the minus sign denotes inflow (in the opposite direction of V and dS n
Fig. 2.3) Consider now an infinitesimal volume d¥” inside the control volume
The mass of this infinitesimal volume is p d¥”. Hence, the total mass inside the
control volume is the sum of these elemental masses, namely,

ﬁpdV
7

The time rate of change of this mass instde the control volume is therefore
' foar
—qIpp
der

Finally, the physical principle that mass is conserved (given at the beginning of
this section) states that the net mass flow into the control volume must equal the
rate of increase of mass inside the control volume In terms of the integrals given
above, a mathematical representation of this statement is simply

~fpov - as - %ﬁpmf (2.2)
S ¥

This equation is called the continuity equation; it is the integral formulation of the
conservation of mass principle as applied to a fluid flow. Equation (2.2) is quite

general, it applies to all flows, compressible or incompressible, viscous or
inviscid.
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24 MOMENTUM EQUATION
Physical Principle

THE TIME RATE OF CHANGE OF MOMENTUM OF A BODY EQUALS THE NET
FORCE EXERTED ON IT. Written in vector form, the above statement becomes

-gt—(mv) =F (23)
For constant mass, Eq. (2.3) vields
dV
F = m—— =ma (24)

which is the more familiar form of Newton’s second law, namely, that force =
mass X acceleration However, the above physical principle with Eq (2.3) is a
more general statement of Newton’s second law than Eq (2.4). In this section, we
wish to put Newton’s second law [Eq. (2.3)] in fiuid mechanic terms by employing
the same control volume utilized in the previous section and sketched in Fig. 2.3.

First, consider the forces on the control volume Using some intuitive
physical sense, we can visualize these forces as two types:

1. Body forces acting on the fluid inside ¥~. These forces stem from “action at a
distance,” such as gravitational and electromagnetic forces that may be
exerted on the fluid inside ¥~ due to force fields acting through space. Let f
represent the body force per unit mass of fluid. Considering an elemental
volume, d¥, inside 77, the elemental body force on d¥#" is equal to the
product of its mass and the force per unit mass, namely, (p 4¥")f Hence,
sumining over the complete control volume,

Total body force = ﬁpf dv (2 5)
¥

2. Surface forces acting on the boundary of the control volume. As discussed in
Sec. 1.5, surface forces in a fluid stem from two sources: pressure and shear
stress distributions over the surface. Since we are dealing with inviscid flows
here, the only surface force is therefore due to pressure Consider the elemen-
tal area dS sketched in Fig 2.3 The elemental surface force acting on this
area is —pdS, where the minus sign signifies that pressure acts inward,
opposite to the outward direction of the vector dS. Hence, summing over the

complete control surface,

Total surface force due to pressure = — i# pdS (2.6)
'S

Note that the sum of Eqgs. (2.5) and (2.6) represent F in Eq. (2 3). That is, at
any given instant in time, the total force F acting on the control volume is

F+ fotar— {ppas (27)
¥

Ny
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[Please note that, if an aerodynamic body were inserted inside the control
volume, there would be an additional force on the fluid—the equal and opposite
reaction to the force on the body. However, in dealing with control volumes, it is
always possible to wrap the control surface around the body in such a fashion
that the body is always outside the control volume, and the body force then
shows up as part of the pressure distribution on the control surface. This is
already taken into account by the last term in Eq. (2.7).]

Now consider the left-hand side of Eq (2 3). In terms of our fluid dynanuc
model, how is the time rate of change of momentum, m(dV /dt), expressed? To
answer this question, again use some physical intuition. Look at the control
volume in Fig. 2.3 Because it is fixed in space, mass flows into the control
volume from the left at the same time that other mass is streaming out toward the
right The mass flowing in brings with it a certain momentum. At the same time.
the mass flowing out also has momentum. With this picture in mind, let A,
represent the ner rate of flow of momentum across the surface S. The elemental
mass flow across dS is given by Eq (2 1) as pV * dS. With this elemental mass
flow 1s associated a momentum flow {or flux) (pV * dS)V. Note from Fig. 23
that, when the direction of V is away from the control volume, this physically
represents an outflow of momentum and mathematically represents a positive
value of V +dS. Conversely, when the direction of V is foward the control
volume, this physically represents an inflow of momentum and mathematically
represents a negative value of V «dS. The net rate of flow of momentum
summed over the complete surface §, is

= fp(ov - aS)V (2.8)

At this stage, it would be tempting to claim that A, represents the left-hand
side of Eq. (23) However, consider an unsteady flow, where by definition the
flow properties at any given point in the flowfield are functions of time. Examples
would be the flow over a body that is oscillating back and forth with time, and
the flow through a nozzle where the supply valves are being twisted off and on. 1f
our control volume in Fig 23 were drawn in such an unsteady flow, then the
momentum of the fluid inside the control volume would be fluctuating with time
simply due to the time variations in p and V. Therefore, A; does not represent
the whole contribution to the left-hand side of Eq (2 3). There is, in addition, a
time rate of change of momentum due to unsteady, transient effects in the
flowfield inside ¥". Let A, represent this fluctuation in momentum. Also consider
an elemental mass of fluid, p ¥~ This mass has momentum (p d ¥")V. Summing
over the complete control volume ¥~, we have

Total momentwm inside ¥ = S@ oVdy”

Hence, the change in momentum in ¥~ due to unsteady fluctuations in the local
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flow properties is

J 3(pV)
s — dy = dyv 2.9
Az aziﬁpv 4 gﬁ 1 (29)

[Note that in Eq. (2.9) the partial derivative can be taken inside the integral
because we are considering a volume of integration that is fixed in space. If the
limits of integration were not fixed, then Leibnitz’s rule from calculus would yield
a different form for the right-hand term of Eq (29)]

Finally, the sum A, + A, represents the total instantaneous time rate of
change of momentum of the fluid as it flows through the control volume. This is
the fluid mechanical counterpart of the left-hand side of Eq. (23), ie,,

d( pV
(p)d
dt

G == B asv s TR e @

Therefore, to repeat the physical principle stated at the beginning of this
section, the time rate of change of momentum of the fiuid that is flowing through
the control volume at any instant is equal to the net force exerted on the fluid
inside the volume. In turn, these words can be directly translated into an
equation by combining Eqgs. (2.3), (2.7), and (2.10):

#(pV L dS)V + Sﬂ;ﬁ a(;:[) dv = gﬁpde— 9‘;6pds (2.11)

S

Equation (2 11) is called the momentum equation; it is the integral formulation of
Newton’s second law applied to inviscid fluid flows Note that Eq (2 11) does not
include the effects of friction. If friction were to be included, it would appear as
an additional surface force, namely, shear and normal viscous stresses integrated

over the control surface. If K, represents this surface integral, then Eq. (2.11),
modified for the inclusion of friction, becomes;

#(pv - dS)V + ffp a(;:/) dy = ﬁpfd)’/-* g‘jSpds +F (2.110)
¥ ¥ S

S

Since this book mainly treats inviscid flows, Eq. (2.11) is of primary interest here,
rather than Eq. (2.11a)

25 A COMMENT

The continuity equation, Eq. (2.2), and the momentum equation, Eq. (2.11),
despite their complicated-looking integral forms, are powerful tools in the analy-
sis and understanding of fluid flows Although it may not be apparent at this
stage in our discussion, these conservation equations will find definite practical
applications in subsequent chapters. It is important to become familiar with these
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equations and with the energy equation to be discussed next, and to understand
fully the physical fundamentals they embody

For a study of incompressible flow, the continuity and momentum equa-
tions are sufficient tools to do the job. These equations govern the mechanical
aspects of such flows However, for a compressible flow, the principle of the
conservation of energy must be considered in addition to the continuity and
momentum equations, for the reasons discussed in Sec 14 The energy equation

is where thermodynamics enters the game of compressible flow, and this is our
next item of business

2.6 ENERGY EQUATION
Physical Principle

ENERGY CAN BE NEITHER CREATED NOR DESTROYED; IT CAN ONLY
CHANGE IN FORM. This fundamental principle is contained in the first law of

thermodynamics, Eq. (1.24). Let us apply the first law to the fluid flowing through
the fixed control volume in Fig 2.3. Let

B, = rate of heat added to the fluid inside the control volume from
the surroundings

B, = rate of work done on the fluid inside the control volume

B, = rate of change of the energy of the fluid as it flows through
the control volume

From the first law,
B, + B, = B, (2.12)

First, consider the rate of heat transferred to or from the fluid. This can be
visualized as volumetric heating of the fluid inside the control volume due to the
absorption of radiation orginating outside the system, or the local emission of
radiation by the fluid itself, if the temperature inside the control volume is high
enough Also, if the flow were viscous, there could be heat transferred across the
boundary by thermal conduction and diffusion; however, these effects are not
considered here Finally, if the flow were chemically reacting, it might be
tempting to consider energy released or absorbed by such reactions as a volumet-
ric heating term This is done in many treatments of reacting flows. However, the
energy exchange due to chemical reactions is more fundamentally treated as part
of the overall internal energy of the gas mixture and not as a separate heating
term in the energy equation This matter will be discussed at length in Chaps. 16
and 17 In any event, we can simply handle the rate of heat added to the control
volume by first defining ¢ to be the rate of heat added per unit mass, and then
writing the rate of heat added to an elemental volume as ¢(p d¥"). Summing
over the complete control volume,

B~ (fpipdv (2.13)
¥
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Time, ¢

Later time, ¢ + d¢

n

FIGURE 2.4
Rate of doing work

Before considering the rate of work done on the fiuid inside the control
volume, consider a simpler case of a solid object in motion, with a force F being
exerted on the object, as sketched in Fig 2.4. The position of the object is
measured from a fixed origin by the radius vector r In moving from position r; to
I, over an interval of time dt, the object is displaced through dr. By definition,
the work done on the object in time dt is F * dr. Hence, the time rate of doing

work i1s simply F - dr/dt. But dr/dt =V, the velocity of the moving object
Hence, we can state that

The rate of doing work

: =F-V
on a moving body
In words, the rate of work done on a moving body is equal to the product of its
velocity and the component of force in the direction of the velocity.

This result leads to an expression for B, as {ollows. Consider the elemental
area dS of the control surface in Fig. 2.3. The pressure force on this elemental
area is —p dS, as explained in Sec. 2.4. From the above result, the rate of work
done on the fluid passing through 4S with velocity V is (—pdS) -« V. Hence,
summing over the complete control surface,

Rate of work done on

the fluid inside ¥ due | = — ff(pdS) -V (2.14)
to pressure forces on S s

In addition, consider an elemental volume inside the control volume. Recalling
that f is the body force per unit mass, the rate of work done on the elemental

volume due to body force is (pf d¥7) + V Summing over the complete control
volume,

Rate of work done on

the fluid inside 7" due | = ﬁﬁ (pfd¥ ) -V (2.15)
to body forces e

Thus, the total work done on the fluid inside the control volume is the sum of
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Eqgs. (2.14) and (2.15),

By= —gppv-as+ @fpo-vyar (2 16)

S

To visualize the energy inside the control volume, recall that in Sec. 1.4 the
system was stationary and the energy inside the system was the internal energy e
(per unit mass). However, the fluid inside the control volume in Fig. 2.3 is not
stationary; it is moving at the local velocity V with a consequent kinetic energy
per unit mass of ¥2/2. Hence, the energy per unit mass of the moving fluid is the
sum of both internal and kinetic energies, e + V2,2

Keep in mind that mass flows into the control volume of Fig. 2.3 from the
left at the same time that other mass is streaming out towards the right. The mass
flowing in brings with it a certain energy, while at the same time the mass
flowing out also has energy. The elemental mass flow across dS is given by
Eq. (2.1) as pV +dS and therefore the elemental flux of energy across dS is
(pV + dS)(e + V*?/2). Summing over the complete control surface,

Net rate of flow 12
of energy across | = #(PV - dS)|e+ “2_) (2.17)
the control surface S

However, this is not necessarily the total energy change inside the control
volume. Analogous to the discussion surrounding Eq. (2 9), if the flow 1s unsteady
there is also a rate of change of energy due the local transient fluctuations of the
flowfield variables inside the control volume. The energy of an elemental volume
is p(e + V1/2) d¥ ", and hence the energy instde the complete control volume at
any instant in time is

VZ
Gole+ 5| ar
¥
Therefore,
Time rate of change p 2
of energy inside ¥"due | _ 7 e+ — 1 d¥° 2.18
to transient vanations gt Egﬁp 2 (2.18)

of the flowfield variables

In turn, B, is the sum of Eqs. (2.17) and (2.18)

BB=—;;@gﬁp(e+ -[—;) dv+ g‘ﬁ(pv'dS)(e-F VT) (2.19)

Repeating the physical principle stated at the beginning of this section, the
rate of heat added to the fluid plus the rate of work done on the fluid is equal to
the rate of change of energy of the fluid as it flows through the control volume,
i.e, energy is conserved In turn, these words can be directly translated into an
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equation by combining Egs. (2.12), (2.13), (2 16), and (2.19):

S&ﬁq’pdifw gfﬁpv-ds + gj‘}p(f-\r) dv
9
— iﬁ-é-;[ (e—+- T)]dV+ #p

Equation (2.20) 1s called the energy equation; it 1s the integral formulation of the
first law of thermodynamics applied to an inviscid fluid flow
Note that Eq. (2.20) does not include the following phenomena:

(2.20)

e+--—-V ds

1. The rate of work done on the fluid inside the control volume by a rotating
shaft that crosses the control surface, W, .

2. The rate of work done by viscous stresses on the control surface, W,

viscous

3. The heat added across the control surface due to thermal conduction and
diffusion. In combination_with radiation, denote the total rate of heat addition
from all these effects as Q.

If all of the above phenomena were included, then Eq. (2.20) would be
modified as follows:

Q + W, hafi + Wv:scous #pv +dS + ﬁp(f * V) dy”
§ ¥

- S(fﬁ ;{[ (e + l;—z)]dwr g@ﬂp(e+ V?z-)V-dS (2.20a)

For the inviscid ﬂows treated in this book, there is no thermal conduction or
diffusion and there is no work done by viscous stresses Moreover, for the basic
flow problems discussed in the following chapters, there is no shaft work.
Therefore, Eq (2 20) is of primary interest here, rather than Eq (2.204).

2.7 FINAL COMMENT

The three conservation equations derived above, Egs. (2.2), (2.11), and (2.20), in
conjunction with the equation of state
p=pRT

and the thermodynamic relation

e=e(T,v)
(which simplifies to e = ¢, T for a calorically perfect gas) are sufficient tools to
analyze inviscid compressible flows of an equilibrium gas-—including equilibrium
chemically reacting gases. The more complex case of a nonequilibrium gas will be
treated in Chaps 16 and 17. The conservation equations have been derived in
integral form in this chapter; however, in Chap. 6 we will extract partial
differential equations of continuity, momentum, and energy from these integral
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forms. In the meantime, we will do something even simpler: In the applications
treated in Chaps. 3 through 5, the above integral forms will be applied to
important, practical problems where algebraic equations fortunately can be
extracted for the conservation principles.

Finally, note that Eqs. (2.2), (211), and (2.20) are written in vector
notation, and therefore have the advantage of not being limited to any one
particular coordinate system: cartesian, cylindrical, spherical, etc. These equa-
tions describe the motion of an inviscid fluid in three dimensions. They speak
words—mass is conserved, force = mass X acceleration, and energy is con-
served. Never let the mathematical formulation cause you to lose sight of the
physical meaning of these equations In their integral formulation they are

particularly powerful equations from which all of our subsequent analyses will
follow

2.8 SUMMARY

The analysis of compressible flow is based on three fundamental physical
principles; in turn, these principles are expressed in terms of the basic flow
equations. They are:

1. Principle: Mass can be neither created nor destroyed.

Continuity equation:
%fffpd“//%- J[ov-as =0 (2.2)
¥ S

2. Principle: Time rate of change of momentum of a body equals the net force
exerted on it. (Newton’s second law.)

Momentum equation:
L lfvars ff (v -asyy
¥ s

= [[fotar- [[ pas (2.11)

3. Principle. Energy can be neither created nor destroyed, it can only change in
form.

Energy equation.

Sl H)or
- gjqu— _!fpV-dS%» flfp(f-V)dV (2 20)

These equations are expressed in integral form; such a form is particularly useful
for the topics to be discussed in Chapters 3-5. In Chapter 6, the preceding
integral forms will be reexpressed as partial differential equations.

VZ
e + —2-)V-dS




CHAPTER

3

ONE-DIMENSIONAL
FLOW

The Aeronautical engineer is pounding hard on the closed door leading into the field of
supersonic motion.

Theodore von Karman, 1941

3.1 INTRODUCTION

On October 14, 1947, when Chuck Yeager nudged the Bell XS-1 to a speed
slightly over Mach 1 (see Sec. 1.1), he entered a new ﬂxght regime where shock
waves dominate the flowfield. At Mach 1.06, the bullet- shapcd rocket-powered
research airplane created a bow shock wave that was detached from the body,
slightly upstream of the nose, as sketched in Fig. 3.1a. Durmg a later flight, on
March 26, 1948, Yeager pushed the XS-1 to Mach 1.45 in a dive. For this flight,
the Mach number was high enough that the shock wave attached itself to the
pointed nose of the aircraft, as sketched in Fig. 3.16. The difference between
the two flows sketched in Fig. 3.1 is that the bow shock is nearly normal to the
free-stream direction as in Fig. 3 1a, whereas the attached shock wave is obhquc
to the free-stream direction in Fig 3.1b. For a blunt-nosed body in a supersonic
flow, as shown in Fig. 3.2a, the bow shock wave is always detached from the
body. Moreover, near the nose, the shock is nearly normal to the free stream,;
away from the nose, the shock gradually becomes oblique For further illustra-
tion, photographs taken in supersonic wind tunnels of shock waves on various
rerodynamic shapes are shown in Fig 3.2.
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FIGURE 3.1
Attached and detached shock waves on a supersomc vehicle

FIGURE 3 24
Shock wave on the Apollo command module Wind tunnel model at o = 33° in the NASA Langley
Mach 8 variable-density wind tunnel ion air (Courtesy of the NASA Langley Research Center)
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FIGURE 3.24

Shock waves on a sharp-nosed slender cone at angle of attack (Courtesy of the Naval Surface Weapons
Center, White Ouk, MD)

FHGURE 3 2¢
Shock wave on a wind tunnel modetl of the space shuttle (Cowrtesy of the NASA Langley Research
{enter )
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Py Py > py
7, T, >T,
0y P2 Py
u, U,y <u1
- ot R x direction
M, > 1 M, <1

® ®

Given conditions Unknown conditions

ahead of the behind the shock wave FIGURE 33
shock wave Normal shock Diagram of a normal shock

The portions of the shock waves in Figs. 3.1 and 3.2 that are perpendicular
to the free stream are called normal shocks. A normal shock wave is illustrated in
Fig. 3.3, and it is an excellent example of a class of flowfields that is called
one-dimensional flow. By definition, a one-dimensional flow is one in which the
flowfield properties vary only with one coordinate direction—i.e., in Fig. 3.3, p,
p, T, and the velocity u are functions of x only. In this chapter, we will examine
the properties of such one-dimensional flows, with normal shock waves as one
important example. As indicated in Figs 3.1 and 3.2, normat shock waves play
an important role in many supersonic flows.

Oblique shock waves are two-dimensional phenomena. and will be dis-
cussed in Chap. 4. Also, consider the two streamtubes in Fig. 3.4. In Fig. 3.4q, a
truly one-dimensional flow is illustrated, where the flowfield variables are a
function of x only, and as a consequence the streamtube area must be constant
(as we shall prove later). On the other hand, there are many flow problems
wherein the streamtube area varies with x, as sketched in Fig. 3 4. For such a
variable area streamtube, nature dictates that the flowfield is three-dimensional
flow, where the flow properties in general are functions of x, y, and z. However,

= constant A= A@x)
o= p(x) P = p(x)
p = p(x) e = p(x)
T = T(x) T =T(x) YA

u = u(x) w = u(x)

(@) One dimensicnal llow (&) Quasi one dimensional flow

FIGURE 3.4
Comparison between one-dimensional and quasi-one-dimensional lows
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if the variation of area 4 = A(x) is gradual, it is often convenient and suffi-
ciently accurate to neglect the y and z flow variations, and to assume that the
flow properties are functions of x only, as noted in Fig. 3.454. This is tantamount
to assuming uniform properties across the flow at every x station. Such a flow,
where the area vanies as 4 = A(x) but where it is assumed that p, p, 7, and u
are still functions of x only, is defined as quasi-one-dimensional flow This will be
the subject of Chap 5.

In summary, the present chapter will treat one-dimensional, hence con-
stant-area, flows. The general integral conservation equations derived in Chap. 2
will be applied to one-dimensional flow, yielding straightforward algebraic rela-
tions which allow us to study the properties and characteristics of such flows.

32 ONE-DIMENSIONAL FLOW
EQUATIONS

Consider the flow through a one-dimensional region, as represented by the
shaded area in Fig 3.5. This region may be a normal shock wave, or it may be a
region with heat addition, in either case, the flow properties change as a function
of x as the gas flows through the region. To the left of this region, the flowfield
velocity, pressure, temperature, density, and internal energy are u,, p, 1, Py,
and e, respectively To the right of this region, the properties have changed, and
are given by u,, p,, 15, p,, and e,. (Since we are now dealing with one-dimen-
sional flow, we are using u to denote velocity. Later on, in dealing with
multidimensional flows, u is the x component of velocity.) To calculate the
changes, apply the integral conservation equations from Chap. 2 to the rectangu-
lar control volume shown by the dashed lines in Fig. 35 Since the flow is
one-dimensional, u,, p,, T}, p,, and e, are uniform over the left-hand side of the
control volume, and sinularly u,, p,, 7, p, and e, are uniform over the
right-hand side of the control volume Assume that the left- and right-hand sides
each have an area equal to 4 perpendicular to the flow. Also, assume that the

FIGURE 35
Rectangular controf volume for
x direction © one-dimensional flow

dectangular control volume
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flow is sready, such that all derivatives with respect to time are zero, and assume
that body forces are not present.

With the above in mind, write the continuity equation (2 2):

~gﬁpv-d8=§?ggﬁpdw

For steady flow, Eq. (2.2) becomes

dpov - ds =0 (3.1)

Evaluating the surface integral over the left-hand side, where V and dS are
parallel but in opposite directions, we obtain —p,u; 4, over the right-hand side,
where V and d4S are parallel and in the same direction, we obtain p,u,4 The
upper and lower horizontal faces of the control volume both contribute nothing
to the surface integral because V and dS are perpendicular to each other on thesc
faces Hence, from Eq (3 1),

—puy A + pyu, A =0

or plul = pzuz (3.2j

Equation (3 2) is the continuity equation for steady one-dimensional flow
The momentum equation (2.11) 1s repeated below for convenience-

pov - as)v + ffh 8(;;]) dv= ffpotav— fppas
Y ¥ ¥y S

The second term is zero because we are considering steady flow Also, becausc
there are no body forces, the third term is zero. Hence, Eq. (2 11) becomes

dh (ov - as)v = — gppas (37,

3 S
Equation (3.3) is a vector equation However, since we are dealing with on

dimensional flow, we need to consider only the scalar x component of Eq (3.3
which is

b (ov - dS)u=— p(pas), (3

In Eq. (3.4), the expression (pdS), is the x component of the vector pd:-
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Evaluating the surface integrals in Eq. (3 4) over the left- and right-hand sides of
the dashed control volume in Fig 3 5, we obtain

PI(_“1A)“1 + Pz(“zA)uz = —(—-p4 + PzA),

or pi + el = py + poul (35)

Equation (3 5) is the momentum equation for steady one-dimensional flow
The energy equation (2.20) is written below for convenience:

ffpioar— gppv - as+ ffpo(t-v)ar
¥ A) ¥

_ ﬁﬁ%[p e+ K;”dam gﬁp

¥

The first term on the left physically represents the total rate of heat added to the
gas inside the control volume. For simplicity, let us denote this volume integral
by Q. The third and fourth terms are zero because of zero body forces and steady
flow, respectively. Hence, Eq (2 20) becomes

0— ¢ppv-as = o
AY A

Evaluating the surface integrals over the left- and right-hand faces of the control
volume in Fig 3.5. we obtain

V2

+ — v -dS
€T

VZ
e+7)v-ds (36)

2

2
) ! us
Q — (=pimd + pyus A) = —p,|e; + T)HIA * '02(62 + 7)“214

Rearranging,

2
1
““") Uy = patiy + Py

—(—2—+ u + ol e, +
APllP;l

2 2

u3

Dividing by Eq. (3.2), i.e., dividing the left-hand side of Eq. (3 7) by p;u, and the
night-hand side by p,u,,

Q ul p 5
+_1+el+_1—::—2+32+— (38)
prnA Py 2 ) 2

Considering the first term in Eq. (3 8), O is the net rate of heat (energy/s) added
lo the control volume, and p,u;4 is the mass flow (mass/s) through the control
volume Hence, the ratio Q/p,u,A is simply the heat added per unit inass, q.
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Also, in Eq. (3.8) recall the definition of enthalpy, & = e + pv.-Hence, £q. (3.8)
becomes

h, + ulz h u% 3.9
——-—{—. — +....—. .
1 7 q 2 ) ( )

Equation (3.9) is the energy equation for steady one-dimensional flow

In summary, Egs. (32), (3.9), and (3.9) are the governing fundamental
equations for steady one-dimensional flow Look closely at these equations. They
are algebraic equations which relate properties at two different locations, 1 and 2,
along a one-dimensional, constant-area flow. The assumption of one-dimen-
sionality has afforded us the luxury of a great simplification over the integral
equations from Chap. 2. However, within the assumption of steady one-dimen-
sional flow, the algebraic equations (3.2), (3 5), and (3.9) still represent the full
authority and power of the integral equations from whence they came-i e, they
still say that mass is conserved [Eq. (3.2)], force equals time rate of change of
momentum [Eq. (3.5)}, and energy is conserved [Eq. (3.9)]. Also, keep in mind
that Eq. (3 5) neglects body forces and viscous stresses, and that Eq. (3.9) does
not include shaft work, work done by viscous stresses, heat transfer due to
thermal conduction or diffusion, and changes in potential energy.

3.3 SPEED OF SOUND AND MACH
NUMBER

As you read this page, look up for a moment and consider the air around you
The air is composed of molecules that are moving about in a random motion with
different instantaneous velocities and energies at different times, However, over 4
period of time, the average (mean) molecular velocity and energy can be defined,
and for a perfect gas are functions of the temperature only. Now assume that a
small firecracker detonates nearby. The energy released by the firecracker Is
absorbed by the surrounding air molecules, which results in an increase in their
mean velocity. These faster molecules collide with their neighbors, transferring
some of their newly acquired energy. In turn, these neighbors eventually collide
with others, resulting in a net transfer or propagation of the firecracker energy
through space. This wave of energy travels through the air at a velocity that must
be somewhat related to the mean molecular velocity, because molecular collisions
are propagating the wave Through the wave, the energy increase also causes the
pressure (as well as density, temperature, etc.) to change slightly. As the wave
passes by you. this small pressure variation is picked up by your eardrum, and -
transmitted to your brain as the sense of sound. Therefore, such a weak,wave i
defined as a sound wave, and the purpose of this section is to calculate how fast .
is propagating through the air. As we will soon appreciate, the speed of soun:

through a gas is one of the most important quantities in a study of compressiblc
flow.
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a S_ a + da
rerm——————- 4=

P v ptdp
3l

p = P+ dp

T T+dT

FIGURE 36
Schematic of a sound wave

Consider that the sound wave is moving with velocity a through the gas.
Let us hop on the wave and move with it As we ride along with the wave, we see
that the air ahead of the wave moves towards the wave at the velocity g, as shown
in Fig. 3.6. Because there are changes in the flow properties through the wave, the
flow behind the wave moves away at a different velocity. However, these changes
are slight. A sound wave, by definition, is a weak wave. (If the changes through
the wave are strong, it is identified as a shock wave, which propagates at a higher
velocity than a, as we will soon see.) Therefore, consider the change in velocity
through the sound wave to be an infinitesimal quantity, da. Consequently, {rom
our vantage point riding along with the wave, we see the picture shown in Fig 36
where the wave appears to be stationary, the flow ahead of it moves towards the
wave at velocity a with pressure, density, and temperature p, p, and T, respec-
tively, and the flow behind it moves away from the wave at velocity a + da with
pressure p -+ dp, density p + dp, and temperature 7" + d7T.

The flow through the sound wave is one-dimensional and hence we can
apply the equations from Sec. 3.2 to the picture in Fig. 3.6. If regions 1 and 2 are
in front of and behind the wave, respectively, BEq (3.2) yields

pa = (p+ dp)(a+ da)
pa = pa-+ adp+ pda+ dpda (3.10)

The product of two infinitesimal quantities dp da is very small (of second order)
in comparison to the other terms in Eq (3.10), and hence can be ignored. Thus,
from Eq. (3.10),

da 311)
= ey (
Next, Eq. (3.5) yields
p-i—pazﬂ(113J-+-c.f}.7)+(,uz)—%—dp)(atJrc‘la')z (3.12)

Ignoring products of differentials as above, Eq (3 12) becomes

dp = —2apda — a*dp (3.13)
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Solve Eq. (3.13) for da’

dp + a*d
do = 220 (3 14)
—2ap
Substitute Eq. (3.14) into (3.11):
dp/dp + a*
Solving Eq (3.15) for a?,
dp
2o 2 316
at= (316

Pause for a moment, and consider the physical process occurring through a
sound wave. First, the changes within the wave are shght, i.e, the flow gradients
are small. This implies that the irreversible, dissipative effects of friction anc
thermal conduction are negligible. Morteover, there is no heat addition to the flow
inside the wave (the gas is not being irradiated by a laser, for example). Hence
from Sec 1.4, the process inside the sound wave must be isentropic In turn, the
rate of change of pressure with respect to density, dp/dp, which appears in Eq
(3.16) 1s an isentropic change, and Eq. (3 16) can be written as

[ 9P
a —(55)Y (317

Equation (3.17) is a fundamental expression for the speed of sound 1t shows tha
the speed of sound is a direct measure of the compressibility of a gas, as defined
in Sec. 1.2. To see this more clearly, recall that p = 1/, hence dp = —dv /v’

Thus, Eq. (3.17) can be written as '

5 Jp ap\ v
al=|—| = —-|—| v =—
(ﬁp)s (30)5 (1/0)(dv/dp),

Recalling the definition of isentropic compressibility, ., given by Eq. (1.4), we!

find
[{dp [v
a= (E)S_ :r: (3 18}

This confirms the statement in Sec 13 that incompressible flow (7, = 0) implie:
an infinite speed of sound

For a calorically perfect gas, Eq (3 18) becomes more tractable In ths
case, the isentropic relation [see Eq. (1 43)] becomes

put =¢
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where ¢ is a constant. Differentiating, and recalling that v = 1/p, we find

(f?ﬁ) _
dof, P

Hence, Eq. (3.18) becomes

am 7 (3.19)

Going one step further, from the equation of state, p/p = RT. Hence, Eq. (3.19)
becomes

a = yRT (3.20)

In summary, Eq (3.18) gives a general relation for the speed of sound in a
gas; this reduces to Eqs (319) and (3.20) for a perfect gas Indeed, we will
demonstrate in Chap. 17 that Egs. (3.19) and (3.20) hold for thermally perfect as
well as calorically perfect gases, but are invalid for chemically reacting gases or
real gases However, the general relation, Eq. (3.18), is valid for all gases.

Note that, for a perfect gas, Eq. (3 20) gives the speed of sound as a
function of temperature only, indeed, it is proportional to the square root of the
temperature. This is consistent with our previous discussion linking the speed of
sound to the average molecular velocity, winch from kinetic theory is given by

y8RT/m. Note that the speed of sound is about three-quarters of the average
molecular velocity.

The speed of sound in air at standard sea level conditions is a useful value
o remember, It is

a, = 3409 m/s = 1117 ft /s

Finally, recall that the Mach number was defined in Sec 13 as M = VV/a,
which leads to the following classifications of different flow regimes:

M <1 (subsonic flow)
M =1 (sonic flow)
M>1 (supersonic flow)

Iso, it is interesting to attach some additional physical meaning to the Mach
qwumber at this stage of our discussion Consider a fluid element moving along a
streamline. The kinetic and internal energies per unit mass of this fluid element
are V2/2 and e, respectively. Forming their ratio, and recalling Egs. (1 23) and
(320), we have

vie v o viao (yay?oo 7(?*1)M2
e T RT/(y—1) a*/(v-1) 2

Thus, we see that, for a calorically perfect gas (where ¢ = ¢,T'), the square of the
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Mach number is proportional to the ratio of kinetic to internal energy. It is 4

measure of the directed motion of the gas compared to the random thermal
motion of the molecules

3.4 SOME CONVENIENTLY DEFINED
FLOW PARAMETERS

In this chapter the fundamentals of one-dimensional compressible fiow will be
applied to the practical problems of normal shock waves, flow with heat addition,
and flow with wall friction. However, before making these applications an
inventory of useful definitions and supporting equations must be established
This is the purpose of Secs. 34 and 3.5

To begin with, consider point 4 in an arbitrary flowfield, as sketched in
Fig 2.2. At this point a fluid element is traveling at some Mach number M,
velocity ¥, with a static pressure and temperature p and T, respectively. Let us
now imagine that we take this fluid element and adiabatically slow it down (if
M > 1) or speed it up (if M < 1) until its Mach number at point 4 is 1. As we
do this, common sense tells us that the temperature will change When the fiuid
element arrives at M = 1 (in our imagination) from its initial state at M and T
(its real properties at point A4), the new temperature (that it has in our imagina-
tion at Mach 1) is defined as T*. Furthermore, we now define the speed of sound
at this hypothetical Mach 1 condition as a*, where

a* = 3RT®

Therefore, for any given flow with a given M and T at some point 4, we car
associate with it values of T* and a* at the same point, as defined above. Mean:
of calculating T™ (and hence a*) will be discussed in Sec. 3 5.

In the same spirit, consider again our fluid element at point 4 with velocity
temperature, and pressure equal to V, T, and p, respectively. Let us now imagin
that we isentropically slow this fluid element to zero velocity, ie., let us stagnate
the fluid element The pressure and temperature which the fluid element achieve
when V = 0 are defined as total pressure p, and total temperature T,, respectively
(They are frequently called stagnation pressure and temperature; the adjective:
“stagnation” and “total” are synonymous) Both p, and T, are properti¢
associated with the fluid element while it is in actuality moving at velocity ¥ witl
an actual pressure and temperature equal to p and T, respectively. The actual ;
and T are called static pressure and static temperature, respectively, and ar
ramifications of the random molecular motion at point A.

Using the above definitions, we can introduce other parameters, as follows

Characteristic Mach number M* = V/a*. (Note that the real Mach num
beris M = V/a.)

Stagnation speed of sound a, = JyRT,.
Total (or stagnation) density p, = p /RT,.
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3.5 ALTERNATIVE FORMS OF THE
ONE-DIMENSIONAL ENERGY EQUATION

Consider again Eq. (3.9). Assumung no heat addition, this becomes

uf u;
byt o=yt = (3.21)

where points 1 and 2 correspond to the regions 1 and 2 identified in Fig. 3.5.

Specializing further to a calorically perfect gas, where h = ¢, T, Eq. (3.21)
becomes

u? us
1 2
CPT1 -+ ? CPT2 + ? (3.22)
Using Eq. (1.22), the above becomes
RT u?  YRT u3
kot W | LR (3.23)
Yy~ 1 2 y—1
Since a = /YRT, Eq. (3.23) becomes
2 2 2
ay Uy a; Uy
+ = = + — 24
Y — 2 y—1 2 (3.24)
From Eq. (3.19), the above can also be written as
ut ¥ ul
__Yﬁ_(fl)Jrﬂ_‘_xﬂ,_ﬁ(f.’;)mk.i (3.25)

Since Eq. (3 21) was written for no heat addition, it, as well as the corollary
Egs. (3.22) through (3.25), holds for an adiabatic flow. With this in mind, let us
return to the definitions presented in Sec. 3.4. Let point 1 in the above equations
correspond to point 4 in Fig. 22, and let point 2 in the above equations
correspond to our imagined conditions where the fluid element is brought
adiabatically to Mach 1 at point A. The actual speed of sound and velocity at
point A are a and u, respectively. At the imagined condition of Mach 1 (point 2
in the above equations), the speed of sound is a* and the flow velocity is sonic,
hence u, = a*. Thus, Eq. (3.24) yields
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a’ u” v+ 1 " 194
or o = _
y-1 2 2(y-1° (326

Equation (3 26) provides a formula from which the defined quantity «* can
be calculated for the given actual conditions of @ and « at any given point in a
general flowfield. Remember, the actual flowfield itself does nor have to be
adiabatic from one point to the next, say from point 4 to point B in Fig 22 In
Eq. (3.26), the adiabatic process is just in our munds as part of the definition of
a* (see again Sec 34). Applied at point 4 in Fig. 2.2, Eq (3.26) gives us the
value of a* that is associated with point A Denote this value as g%. Similarly,
applied at point B, Eq. (3 26) gives us the value of a* that is associated with
point B, namely, a%. If the actual flowfield is nonadiabatic {rom A to B, then
a% # a% On the other hand, if the general flowfield in Fig 22 is adiabatic
throughout, then a* is a constant value at every point in the flow Since many
practical aerodynamic flows are reasonably adiabatic, this is an important point
to remember

Now return to our definition of total conditions in Sec. 34 Let point 1 in
Eq. (322) correspond to point A in Fig 2.2, and let point 2 in Eq (322)
correspond to our imagined conditions where the fluid element is brought to rest
isentropically at point 4. If T and u are the actual values of static temperature
and velocity, respectively, at point 4, then 7, = T and u, = u. Also, by defini-
tion of total conditions, u, = 0 and 7, = T, Hence, Eq. (3.22) becomes

T+ 5 = ¢, (3 27)

Equation (3 27) provides a formula from which the defined total temperature, T,
can be calculated for the given actual conditions of T and u at any point in a
general flowfield Remember that total conditions are defined in Sec 3 4 as those
where the fluid element is isentropically brought to rest However, in the deriva-
tion of Bq. (3.27), only the energy equation for an adiabatic fiow {Eq (3 21)] 18
used. Isentropic conditions have not been imposed so far Hence, the definition
of T, such as expressed in Eq (3 27) is less restrictive than the definition of total
COI]dlthIlS given in Sec. 34 From Sec 1.4, isentropic flow implies reversible and
adiabatic conditions; Eq (3.27) tells us that, for the definition of T, only the
“adiabatic” portion of the isentropic definition is required That s, we can now
redefine T, as that temperature that would exist if ihe fluid element were brought
to rest adiabatically. However, for the definition of total pressure, p,, and total
density, p,, the imagined isentropic process is still necessary, as defined in
Sec. 3.4.

Several very useful equations for total conditions are obtained as follows
From Egs (3 27) and (1 22),

T, u? u’ u’ y—"l(u)

T 2¢,T 2yRT/(y — 1) 2a’/(y ~ 1) 2
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Hence,

T, y— 1

=1+
T 2

M? (3.28)

Equation (3 28) gives the ratio of total to static temperature at a point in a flow
as a function of the Mach number M at that point Furthermore, for an
isentropic process, Eq. (1 43) holds, such that

Y T y/{(y—1)
Moy o

Combining Egs. (3.28) and (3.29), we find

— 1 v/ (y—1)
o _ (1 ! Mz) (3 30)
P

1 V-1
Pratie L (3.31)
p 2

Equations (3 30) and (3.31) give the ratios of total to static pressure and density,
respectively, at a point in the flow as a function of Mach number M at that point.
Along with Eq (3.28), they represent important relations for total properties—so
important that their values are tabulated in Table A.l (see Appendix) as a
function of M for y = 14 (which corresponds to air at standard conditions).

It should be emphasized again that Eqs (3 27), (3.28), (3.30), and (3.31)
provide formulas from which the defined quantities 7,, p,, and p, can be
calculated from the actual conditions of M, u, T, p, and p at a given point in a
general flowfield, as sketched in Fig 2.2. Again, the actual flowfield itself does not
have to be adiabatic or isentropic from one point to the next In these equations,
the isentropic process is just in our minds as part of the definition of total
conditions at a point. Applied at point 4 in Fig 2 2, the above equations give us
the values of 7, p,, and p, associated with point 4 Similarly, applied at point
B, the above equations give us the values of T, p,, and p, associated with point
B If the actual flow between 4 and B is nonadiabatic and irreversible, then
I,,*T,, p, *p,,and p, #p,. On the other hand, if the general flowfield is
isentropic throughout, then 7,, p_, and p, are constant values at every point in the
flow. The idea of constant total (stagnation) conditions in an isentropic flow will
be very useful in our later discussions of various practical applications in
compressible flow—keep it in mind’

A few additional equations will be useful in subsequent sections. For

- example, from Eq (3 24),

(3 32)
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where a, is the stagnation speed of sound defined in Sec. 3.4. From Egs. (3.26)
and (3 32),

vy + 1 a?,
= 3.33
20y - 1) y—1 (3:33)

Solving Eq. (3.33) for a*/a_, and invoking Eq. (3 20),

o

a*\? T+ 2
—) == 3.34
(a ) T, vy + 1 ( )

Recall that p* and p* are defined for conditions at Mach 1; hence, Eqgs. (3.30)
and (3.31) with M =1 lead to

p* ) Y/ (y—1)
—p“-' = (-Y—+—1- (3.35)
p* 2 1/{(y-1)
— = (3.36)

For air at standard conditions, where y = 1.4, these ratios are

T*
— = ().833
To

*
L = (.528
Po

*
L 0.634
Po

which will be useful numbers to keep in mind for subsequent discussions. Finally,
dividing Eq. (3.26) by u?, we have

S 1 [a*\?
(ajw)” 1 _ v+ (a)

U

y —1 2 2Ay-1)
(1/M)2_ y+1 /1 2__1
v—1 _2(*/“1)(1‘4*) 2
2 2 3.37
. G+t - (v - 1) (397

Equation (3.37) provides a direct relation between the actual Mach number M
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and the characteristic Mach number M* defined in Sec. 3.4. Note from Eq.
(3.37) that

M*=1 ifM=1

M* <1 if M <1

M* > 1 if M >1
vy+1

M* — ifM—> o0
vy —1

Hence, qualitatively, M* acts in the same fashion as M, except when M goes to
infinity. In future discussions involving shock and expansion waves, M* will be a
useful parameter because it approaches a finite number as M approaches infinity.

All the equations in this section, either directly or indirectly, are alternative
forms of the original, fundamental energy equation for one-dimensional, adia-
batic flow, Eq. (3.21). Make certain that you examine these equations and their
derivations closely. It is important at this stage that you feel comfortable with
these equations, especially those with a box around them for emphasis.

Example 3.1. At a point in the flow over an F-15 high-performance fighter airplane,
the pressure, temperature, and Mach number are 1890 Ib/ft?, 450°R, and 15,
respectively At this point, calculate T,, p, T*, p*, and the flow velocity

Solution. From Table Al,for M =15: p,/p=3671 and T,/T = 145 Thus

p. = 3.671p = 3 671(1890) = | 6938 Ib/ft*

T, = 1.45T = 1 45(450) = | 652 5°R

From Table A1, for M =10: p /p*=1893 and T,/T* =12 Kceping in mind
that, for our imaginary process where the flow is stowed down isentropically to
Mach 1, hence defining p*, the total pressure is constant dunng this process, also,
where the flow is slowed down adiabatically to Mach 1, hence defimng 7™, the total
temperature 1S constant Thus

r* D,
¥ = T = ——— (3 671)(1890) = | 3665 b /ft?
PP 1893( 71)(1890) /
T* ) °T ! 1 45)(450 543 8°R
=7 T () =

Note' These answers exemplify the definitions of p,, T,, p*, and T* In the actual
flow at Mach 1 5, the actual static pressure and static temperature are 1890 1b/ft?
and 450°R, respectively. However, the defined values that are associated with the
flow at thus point (but not actually in existence at this point) are p* = 3665 Ib/ft?,
p, = 6938 1b/ft?, T* = 543 8°R, and T, = 652 5°R Finally, the actual flow velocity
is obtained from

V =Ma
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where

a = YRT =,/(1.4)(1716)(450) = 1040 ft/s

V = (1 5)(1040) = @

Example 3.2. Return to Example 1.6 Calculate the Mach number and velocity at
the exat of the rocket nozzle

Selution. In the combustion chamber the flow velocity is very low; hence we can
assume that the pressure and temperature in the combustion chamber are essentially
p, and T, respectively Moreover, since the flow expansion through the nozzle is
isentropic, then p, and 7, are constant values throughout the nozzle flow From Eq
(3 30), we have at the nozzle exit (denoted by the subscrpt 2)

?, y—1 r/(y—1)
)l )
P2 2
Solving for M,, we have

) (r -1y
w2
y-1{\pm
2 15 \0167 172
= —=ll=) -1|} =2
(o) | [

a, = /YRT, = /(1 2)(692.8)(1350) = 1059 4 m/s

V, = Mya, = (2 919)(1059 4) = | 3092 m /s

Note. An alternate solution to this problem, which constitutes a check on the above
results, 1s as follows From Eq (3 22)

I/22

CpTi + "2— = CPTO
[Although the equations derived in this section are under the title of “alternate
forms of the one-dimensional energy equation,” in reality they hold for flow of any
dimensions—two or three dimensions as well as one dimension, this is because Eq
(3 21) is simply a statement that the tota/ enthalpy, &, = A + V2 /2, is constant for
any adiabatic flow, no matter what the dimension This will become clear repeatedly
as we progress through the following chapters Hence, Eqs (3 21) through (3 37) are
general, and are not in any way restricted to one-dimensional flow Therefore, we
can use Eq (322) in the form given above to solve our rocket nozzle flow, even
though such flow is not constant-area flow, i.e , it is nor truly one-dimensional flow
Rather, this nozzle flow must be analyzed as either a quasi-one-dimensional flow as
discussed in Chap 5, or more precisely as a two-dimensional or axisymmetric flow
as discussed in Chap 11, because the fiow through a nozzle encounters a changing,
variable cross-sectional area as it expands through the nozzle ]
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From Eq (3 22) written above, solving for ¥,

Vo =2c,(T, ~ T,) = {2(4157)(2500 — 1350) = 3092 m/s

This agrees with the value obtained above Of course, since a, = 10594 m/s as
obtained above, then

which also agrees with the above

Example 3.3. Return to Example 11 Calculate the percentage density change
between the given point on the wing and the free stream, assuming compressible

flow

Solution. The standard sea level values of density and temperature are 0002377
slug/ft* and 519°R, respectively Also, for air,

YR (14)(1716)
y-1 04

C!,J =

= 6006 ft - lb/slug °R

Let points 1 and 2 in Eq (322) denote the free stream and the wing points,
respectively Note. The flow over the wing is adiabatic and frictionless, hence it is
isentropic From Eq (3 22)

2 V)
CPT1+_2_=CPT2+T
I (147)% ~ (220)°
Ty=1T, + ———— = 519 +
2o 2¢, | 2(6006)

= 519 - 223 =516 77°R
From Eq (1 43)

P, ( Tl)‘/(*” (516 77

25
= ) = 0 9893
T, 519

P -
p, = 09893(0 002377) = 0002352 slug/ft3
Thus

py 0002377

0011

That is, the density changes by This ts a very small change, and
clearly justifies the assumption of incompressible flow in the solution of Example
11 Moreover, note from the above that the temperature change is only 2 23°R,
which represents a 0 43 percent change in temperature This illustrates that low-speed
flows are virtually constant temperature flows, and this is why, in the analysis of
inviscid incompressible flow, the energy equation is never needed
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3.6 NORMAL SHOCK RELATIONS

Let us now apply the previous information to the practical problem of a normal
shock wave. As discussed in Sec. 3.1, normal shocks occur frequently as part of
many supersonic flowfields. By definition, a normal shock wave is perpendicular
to the flow, as sketched in Fig. 3.3. The shock is a very thin region (the shock
thickness is usually on the order of a few molecular mean free paths, typically
10> cm for air at standard conditions). The flow is supersonic ahead of the wave,
and subsonic behind it, as noted in Fig 3.3. Furthermore, the static pressure,
temperature, and density increase across the shock, whereas the velocity de-
creases, all of which we will demonstrate shortly

Nature establishes shock waves in a supersonic flow as a solution to a
perplexing problem having to do with the propagation of disturbances in the
fiow. To obtain some preliminary physical feel for the creation of such shock
waves, consider a flat-faced cylinder mounted in a flow, as sketched in Fig. 3.7.
Recall that the flow consists of individual molecules, some of which impact on
the face of the cylinder. There is in general a change in molecular energy and
momentum due to impact with the cylinder, which is seen as an obstruction by
the molecules. Therefore, just as in our example of the creation of a sound wave
in Sec. 3.3, the random motion of the molecules communicates this change in
energy and momentum to other regions of the flow. The presence of the body
tries to be propagated everywhere, including directly upstream, by sound waves

Moo < |

Vao<aoo /——4.

» —- (a) Subsonic flow

Y

Veo > oo 7

- > (b} Supersonic flow

FIGURE 3.7
Comparison between subsonic and supersonic streamlines for flow over a flat-faced cylinder or slab.
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In Fig. 3.7a, the incomng stream is subsonic, V < a_, and the sound waves can
work their way upstream and forewarn the flow about the presence of the body
In this fashion, as shown in Fig. 3.7a, the flow streamlines begin to change and
the flow properties begin to compensate for the body far upstream (theoretically,
an infinite distance upstream). In contrast, if the flow is supersonic, then
V. > a_, and the sound waves can no longer propagate upstream Instead, they
tend to coalesce a short distance ahead of the body In so doing, their coalescence
forms a thun shock wave, as shown in Fig. 3.70 Ahead of the shock wave, the
flow has no idea of the presence of the body. Immediately behind the normal
shock, however, the flow is subsonic, and hence the streamlines quickly compen-
sate for the obstruction. Although the picture shown in Fig. 3 7b is only one of
many situations in which nature creates shock waves, the physical mechanism
discussed above is quite general.

To begin a quantitative analysis of changes across a normal shock wave,
consider again Fig. 3.3 Here, the normal shock is assumed to be a discontinuity
across which the flow properties suddenly change. For purposes of discussion,
assume that all conditions are known ahead of the shock (region 1), and that we
want to solve for all conditions behind the shock (region 2). There is no heat
added or taken away from the flow as it traverses the shock wave (for example,
we are not putting the shock in a refrigerator, nor are we irradiating it with a
laser); hence the flow across the shock wave is adiabatic. Therefore, the basic

normal shock equations are obtained directly from Eqs (3.2), (3.5), and (3.9)
(with ¢ = 0) as

P, = Pyl (continuity) (3.38)

Pyt pl = p, + pui (momentum) (3.39)
uy uj

hy + 5= hy + 5 (energy) (3.40)

Equations (3.38) through (3.40) are general-—they apply no matter what type of
gas is being considered. Also, in general they must be solved numerically for the
properties behund the shock wave, as will be discussed in Chap. 17 for the cases
of thermally perfect and chemically reacting gases. However, for a calorically
perfect gas, we can immediately add the thermodynamic relations

p = pRT (3 41)
and h=c,T (3 42)

Equations (3 38) through (3.42) constitute five equations with five unknowns. p,,
t,, Py, h,, and T, Hence, they can be solved algebraically, as follows.
First, divide Eq. (3.39) by (3.38).
P1 P

Py Pl

= U, U (3.43)
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Recalling that a = /yp/p, Eq. (3.43) becomies

af a3
— - ===y, —u (3.44)
Yi, Y,

Equation (3.44) is a combination of the continuity and momentum equations

The energy equation (3.40) can be utilized in one of its alternative forms, namely,
Eq. (3.26), which yields

y+1 vy—1
al = 5 a*? 5 ul (3.45)
y+ 1 y—1
and al = 5 a*? — 5 u; (3 46)

Since the flow is adiabatic across the shock wave, a* in Eqs (3 45) and (3.46) is

the same constant value (see Sec. 3.5). Substituting Eqs. (3 45) and (3.46) into
(3.44), we obtain

y+1a*? y-1 y+1a*? y-1
2 vy 2y “ 2 yu, 2y HaT Tl
y+1 y—1
— %2 4 — _ —
or Tyt (uy — u;)a 2y (uy —uy) = uy —uy
Dividing by (u, — u,),
+1 -1
! a*? + ! =1
2yuu, 2y
Solving for a*, this gives
a*? = wu, (3.47)

Equation (3.47) is called the Prandtl relation, and is a useful intermediate relation
for normal shocks. For example, from this simple equation we obtain directly

—_ U Uy = M*M#*
LT T MO
* ! 4
or M2 = E—/I—l’; (3. 8)

Based on our previous physical discussion, the flow ahead of a shock wave must
be supersonic, i.e, M; > 1. From Sec. 3.5, this implies M} > 1. Thus, from Egq.
(3.48), M¥ <1 and thus M, < 1. Hence, the Mach number behind the normal



ONE DIMENSIONAL FLow 67

shock is abways subsonic This is a general result, not just limited to a calorically
perfect gas
Recall Eq. (3.37), which, solved for M*, gives

2
wo r M (3.49)
2+ (y - 1M?
Substitute Eq. (3.49) into (3 48)
(v + )M (y+ M2 |7 (3 50
ZJr(y—l)Mzz~ 2+(y-l)M12 )
Solving Eq. (3.50) for M}
1+ —1)/2] M2
M2 = E(Y )/2| M; (3 51)
M- (y—1)/2

Equation (3.51) demonstrates that, for a calorically perfect gas with a constant
value of y, the Mach number behind the shock is a function of only the Mach
number ahead of the shock. It also shows that when M, = 1, then M, = 1 This
is the case of an infinitely weak normal shock, which is defined as a Mach wave.
In contrast, as M, increases above 1, the normal shock becomes stronger and M,
becomes progressively less than 1. However, in the limit, as M, — oo, M,
approaches a finite minimum value, M, — /(y — 1) /2y, which for air is 0 378

The upstream Mach number M, is a powerful parameter which dictates
shock wave properties This is already seen in Eq (3.51). Ratios of other
properties across the shock can also be found in terms of M,. For example, from
Eq. (3.38) combined with (3 47),

2 2
Pr_ MMM (3 52)
p, Uy, uyu;  a*? '
Substituting Eq (3.49) into (3 52),
pr w24 (v - 1)M] '

To obtain the pressure ratio, return to the momentum equation (3.39),

Pr P = Plulz - qu§

which, combined with Eq (3.38), yields

U,
Py py = putt (1t — ) = plus(l - ~—) (3.54)
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Dividing Eq. (3.54) by p,, and recalling that a} = yp,/p,, we obtain

Pr— P u
S yME(l - _-2-) (3.55)
P U
Substitute Eq. (3.53) for u, /u, into Eq (3 55)
P,—p 2+ (y = 1)M}?
- 1=*yM121— ( )21 (3 56)
P (v + 1)M;
Equation (3.56) simplifies to
14 2y
2 1 + (M12 - 1) (3.57)
Pi y +1

To obtain the temperature ratio, recall the equation of state, p = pRT. Hence

2 (2
T P11\ P2

Substituting Eqs. (3 57) and (3 53) into (3 58),

(3.59)

Examine Egs. (3.51), (3.53), (3.57), and (3.59). For a calorically perfect gas
with a given v, they give M,, p,/py, p2/p,, and T, /T, as functions of M, only.
This is our first major demonstration of the importance of Mach number in the
quantitative governance of compressible flowfields In contrast, as will be shown
in Chap. 17 for an equilibrium thermally perfect gas, the changes across a normal
shock depend on both M, and T;, whereas for an equilibrium chemically reacting
gas they depend on M), T}, and p,. Moreover, for such high-temperature cases,
closed-form expressions such as Egs (3.51) through (3.59) are generally not
possible, and the normal shock properties must be calculated numerically Hence,
the simplicity brought about by the calorically perfect gas assumption in this
section is clearly evident. Fortunately, the results of this section hold reasonably
accurately up to approximately M, = 5 in air at standard conditions Beyond
Mach 5, the temperature behind the normal shock becomes high enough that y is
no longer constant. However, the flow regime M, < 5 contains a large number of
everyday practical problems, and therefore the results of this section are ex-
tremely useful

The limiting case of M; — oo can be visualized as u; — co, where the
calorically perfect gas assumption is invalidated by high temperatures, or as
a, — 0, where the perfect gas equation of state is invalidated by extremely low
temperatures Nevertheless, it is interesting to examine the variation of properties
across the normal shock as M; — oo in Egs. (3.51), (3.53), (3.57), and (3.59) We
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find, for y = 14,

lim M,= 4/ ~—— =0378 (asdiscussed previously)
M, — o 2}’

.opp v+l

lim — = -——— =6
M, = o0 Py y—1

. P;

Iim — = o
My o0 Py

) T,

Iim — = 0
M—oo 1)

At the other extreme, for M, = 1, Egs. (3.51), (3.53), (3.57), and (3 59) yield
M, =p,/p, =p,/p, = T, /T, = 1. This is the case of an infinitely weak normal
shock degenerating into a Mach wave, where no finite changes occur across the
wave This is the same as the sound wave discussed in Sec 33

Earlier in this section, it was stated that the flow ahead of the normal shock
wave must be supersonic. This is clear from our previous physical discussion on
the formation of shocks However, it is interesting to note that Egs. (3 51), (3 53),
(3.57), and (3.59) mathematically hold for M, < 1 as well as M, > 1 Therefore,
to prove that these equations have physical meaning only when M, > 1, we must

appeal to the second law of thermodynamics (see Sec. 1.4). From Eq. (1 36),
repeated here,

?
sz—sl=cplr1l~]72—-Rlni,;2
1 1
with Egs. (3.57) and (3.59), we have
2+ (v ~ 1) M]
s, — 5 =c,In(|1+ (Mlz—-l) ( )21
? y+1 (v + )M
2y
—RIn|1 + P 1 3 60
a1+ 2 (- 1) 66

Fquation (3.60) demonstrates that the entropy change across the normal shock is
also a function of M, only. Moreover, it shows that, if M; = 1 then s, — 5, = 0,
il M; < 1then s, — s, <0,and it M, > 1 then s, — 5, > 0 Therefore, since it is
necessary that s, — s, > ¢ from the second law, the upstream Mach number M,
must be greater than or equal to 1. Here is another example of how the second
law tells us the direction in which a physical process will proceed If M, is
subsonic, then Eq (3.60) says that the entropy decreases across the normal shock
—an impossible situation. The only physically possible case is M, > 1, which in
turn dictates from Egs (3 51), (3 53), (3.57), and (3.59) that M, < 1, p,/p, = 1,
/Py 21, and T, /T, = 1 Thus, we have now established the phenomena
sketched in Fig. 3.3, namely, that across a normal shock wave the pressure,
density, and temperature increase, whereas the velocity decreases and the Mach
number decreases to a subsonic value.
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What really causes the entropy increase across a shock wave? To answer
this, recall that the changes across the shock occur over a very short distance, on
the order of 107 ° cm Hence, the velocity and temperature gradients inside the
shock structure itself are very large. In regions of large gradients, the viscous
effects of viscosity and thermal conduction become important In turn, these are
dissipative, irreversible phenomena which generate entropy. Thereflore, the net
entropy increase predicted by the normal shock relations in conjunction with the
second law of thermodynamucs is appropriately provided by nature in the form of
friction and thermal conduction inside the shock wave structure itself.

Finally, in this section we need to resolve one more question, namely, how
do the total (stagnation) conditions vary across a normal shock wave? Consider
Fig. 3.8, which illustrates the definition of total conditions before and after the
shock In region 1 ahead of the shock, a fluid element is moving with actual
conditions of M, p,, T}, and s,. Consider in this region the imaginary state la
where the fluid element has been brought to rest isentropically Thus, by
definition, the pressure and temperature in state la are the total values p,, and
T, . respectively. The entropy at state la is still 5, because the stagnating of the
fluid element has been done isentropically. In region 2 behind the shock, a fluid
element is moving with actual conditions of M,, p,, T,, and s5,. Consider in this
region the imaginary state 2a¢ where the fiuid element has been brought to rest
isentropically Here, by definition, the pressure and temperature in state 2a aie
the total values of p, and T, respectively The entropy at state 24 is still s,, by
definition. The question is now raised how p, and 7, behind the shock compare
with p, and T,, respectively, ahead of the shock To answer this question,

M, > My <1

A
F=
1 12
| SN Pl

Real state with

Fluid element Imaginary state la Imaginary state 2

in real state where {luid element My, Ty 59 where flund element

with M, .y, has been brqughl 10 has been bro.ug:;t 10

Ty and s, rest isentropically rest isentropicaly
Thus 1n state La, Thus, in state 2a,
the pressure 1s p,, pressure is p,, and
(by definition) entropy is s,
Entropy is still s Temperature is T,
Temperature is T,

FIGURE 3.8

lustration of total (stagnation) conditions ahead of and behind a normal shock wave
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consider Eq (3.22), repeated here

2 2
ul U,
5 okt

From Eq. (3 27), the total temperature is given by
2

c, I +

u
CPTO = CPT + E‘“
Hence,
oLy, = 1,
and thus T, =T, (3.61)

From Eq. (3.61), we see that the rotal temperature is constant across a stationary
normal shock wave [Note that Eq. (3 61), which holds for a calorically perfect
gas, 15 a special case of the more general result that the total enthalpy is constant
across the shock, as demonstrated by Eq. (3.40). For a stationary normal shock,
the total enthalpy is always constant across the shock wave, which for calorically
or thermally perfect gases translates into a constant total temperature across the
shock. However, for a chemically reacting gas, the total temperature is not
constant across the shock, as described in Chap 17. Also, if the shock wave is not
stationary—if it is moving through space—neither the total enthalpy nor total
temperature are constant across the wave, This becomes a matter of reference
systems, as discussed in Chap. 7.]

Considering Fig. 3.8 again, write Eq. (1 36) between the imaginary states la
and 2a:

2a P2a
—~ 8§, = ¢, In—=— — R1ln
7
la Pla

55 (3.62)

a

I'IOW@VCI', $24 = S35 S1a T S T2a = To = Tia’ Pra = poz’ and Pra™ p01 Hence’
Eq. (3.62) becomes

p |
P,
Po
or 2 =g (/R (3 64)
P,

From Egs. (3.64) and (3 60) we see that the ratio of total pressures across the
normal shock depends on M, only. Also, because s, > 5,, Eqs. (3 63) and (3.64)
show that p, < p, The total pressure decreases across a shock wave.

The variations of p,/py, 02/ To/Ths Po,/Pop and M, with M, as
obtained from the above equations are tabulated in Table A2 (in the Appendix
at the back of this book) for y = 1.4. In addition, to provide more physical feel,
these variations are also plotted in Fig. 3 9. Note that (as stated earlier) these
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FIGURE 39

Properties behind a normal shock wave as a function of upstream Mach number

curves show how, as M, becomes very large, T, /T, and p, /p, also become very
large, whereas p, /p, and M, approach finite limits.

Example 3.4. A normal shock wave is standing in the test section of a supersonic
wind tunnel Upstream of the wave, M, = 3, p; = 05 atm, and 7} = 200 K. Find

M,, p,, T,, and u, downstream of the wave

Solution. From Table A2, for M, =3 p,/p, =1033, T, /T, = 2679, and ¥,
= 104752 Hence

P = fipl =1033(05) = | 5165 atm
n
T

= = T, = 2679(200) = 5358Kl
1

a, = JYRT, = J(1 4)(287)(535 8) = 464 m/s

u, = Mya, = (0.4752)(464) = { 220 m/sl
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Example 3.5. A blunt-nosed missile is flying at Mach 2 at standard sea level
Calculate the temperature and pressure at the nose of the missile

Solution. The nose of the missile is a stagnation point, and the streamhine through
the stagnation point has also passed through the normal portion of the bow shock
wave Hence, the temperature and pressure at the nose are equal to the total
temmperature and pressure behind a normal shock Also, at standard sea level,
7, = 519°R and p, = 2116 lb/ft?

From Table A1, for M, =2: T, /T, =18 and p, /p, = 7824 Also, for
adiabatic flow through a normal shock, 7, = T, Hence

7,
T.=T, = T‘ 7, = 18(519) = l 934 2°R
1 .

From Table A2, for M; =2 p, /p, = 07209 Hence

Po, = Jor Poy py = (07209)(7 824)(2116) = | 11,935 1b /11’
Pol Fi

Example 3.6. Consider a point in a supersonic flow where the static pressure is 0.4
atm When a Pitot tube is inserted in the flow at this point, the pressure measured
by the Pitot tube is 3 atm Calculate the Mach number at this point

Solution. (We assume that the reader is familiar with the concept of a Pitot tube;
see Sec 8 7 of Ref 104 for a discussion of the Pitot tube.) The pressure measured by
a Pitot tube is the total pressure However, when the tube is inserted into a
supersonic flow, a normal shock is formed a short distance ahead of the mouth of
the tube In this case, the Pitot tube is sensing the total pressure behind the normal
shock Hence

) 3
LI
Pi 04

From Table A2, for p, /p, =75 M, =

Note. As usual, in using the tables in the Appendix, we use the nearest entry for

simplicity and efficiency, for improved accuracy, interpolation between the nearest
entries should be used

Example 37. For the normal shock that occurs in front of the Pitot tube in
Example 3.6, calculate the entropy change across the shock

Solution. From Table A2, for M, = 235 p, /p, = 05615 From Eq (3 63)

Sy — § o
T S o 1n(0 5615) = 0 577

(221

s, — 5, = 0577R = 0577(1716) = | 990 4 ft 1Ib/slug °R
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3.7 HUGONIOT EQUATION

The results obtained in Sec 3 6 for the normal shock wave were couched in terms
of velocities and Mach numbers —quantities which quite properly emphasize the
flmd dynamic nature of shock waves However, because the static pressure always
increases across a shock wave, the wave itself can also be visualized as a
thermodynamic device which compresses the gas. Indeed, the changes across a
normal shock wave can be expressed in terms of purely thermodynamic varnables
without explicit reference to a velocity or Mach number, as follows
From the continuity equation (3.38),

P
uzzul(—l) (3 65)
1]
Substitute Eq. (3.65) into the momentum equation (3 39):
2
2 P
Pst oy =Pyt oy —"“1) (3 66)
P2
Solve Eq (3.66) for ul:
~p (P
u =22 pl(—z) (3 67)
P2~ P1\ Py

Alternatively, writing Eq. (3.38) as

%)
™M

and again substituting into Eq (3.39), this time solving for «,, we obtain

u%zpzﬁpl(ﬁ) (3.68)
P2 P\ P2

From the energy equation (3.40),

u2 2

1 Uy
hl + 3‘ = hz + —2‘
and recalling that by definition & = ¢ + p/p, we have
u? p 3
e1+£l+—l—=e2+-~2-+~3 (3 69)
Py 2 [N 2

Substituting Eqs (3.67) and (3 68) into (3.69), the velocities are eliminated.
yielding

1 - 1 D[P
e1+£}~+—[p2 pl(—p—zﬂ=e2+£3+—[p2 1(4” (3 70)
£ 2lpy— 0\ py P2 2{pp— P\ Py
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Ttus simplifies to

+ 1 1
o) — o = (_1’1__1’2_)(_ . _,) (3.71)
2 [0} ]
pytp
or (.72'“”81: ! 2 2(01‘“02) (3.72)

Equation (3.72) is called the Hugoniot equation. 1t has certain advantages because
it relates only thermodynamic quantities across the shock. Also, we have made no
assumption about the type of gas—Eq. (3.72) is a general relation that holds for
a perfect gas, chemrcally reacting gas, real gas, etc. In addition, note that Eq.
{3.72) has the form of Ae = —p,_. Av, ie., the change in internal energy equals
the mean pressure across the shock times the change in specific volume This
strongly reminds us of the first law of thermodynanmucs in the form of Eq (1 25),
with 8¢ = O for the adiabatic process across the shock

In general, in equilibrium thermodynamics any state variable can be ex-
pressed as a function of any other two state variables, for example ¢ = e( p, v)

This relation could be substituted into Eq (372), resulting in a functional
relation

py = J{(pivy0y) (3 73)

For given conditions of p, and v, upstream of the normal shock, Eq (3 73)
iepresents p, as a function of v,. A plot of this relation on a pv graph is called
the Hugoniot curve, which is sketched in Fig 3.10. This curve is the locus of all
possible pressure-volume conditions behind normal shocks of various strengths
for one specific set of upstream values for p, and v, (point 1 in Fig 3 10) Each
point on the Hugoniot curve in Fig. 3 10 therefore represents a different shock
aith a different upstream velocity u;.

Now consider a specific shock with a specific value of upstream velocity u,.
tlow can we locate the specific point on the Hugoniot curve, point 2, which
rorresponds to this particular shock? To answer this question, return to Eq
167), substituting v =1 /p’

Py — v
u12 — _u_z__{)l_ s (3 74)
/0, = 1/0,\ vy
‘earranging Eq (3.74), we obtain
Pz_Plzr(f‘lz (3.75)
U, 7 Uy Uy .

Examining Eq (3 75), the left-hand side is geometrically the slope of the straight
line through points 1 and 2 in Fig 3.10. The right-hand side is a known value,
fixed by the upstream velocity and specific volume Hence, by calculating
;;I—(r(ul/vl)z from the known upstream conditions, and by drawing a straight line
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through point 1 with this slope, the line will intersect the Hugoniot curve at point
2, as sketched in Fig. 3.10. Consequently, point 2 represents conditions behind
the particular normal shock which has velocity u, with upstream pressure and
specific volume p, and v, respectively

Shock wave compression is a very effective (not necessarily efficient, but
effective) process For example, compare the isentropic and Hugoniot curves
drawn through the same initial point ( p,, v,) as sketched in Fig. 3.10 At this
point, both curves have the same slope (prove this yourself, recalling that point 1
on the Hugomiot curve corresponds to an infinitely weak shock, i.e., a Mach
wave). However, as v decreases, the Hugoniot curve climbs above the isentropic
curve Therefore, for a given decrease in specific volume, a shock wave creates a
higher pressure increase than an isentropic compression. However, the shock
wave costs more because of the entropy increase and consequent total pressure
loss, i.e, the shock compression is less efficient than the isentropic compression

Finally, noting that for a calorically perfect gas e = ¢, T and T = pv/R, Eq

y— 1 Uy

Prove this to yourself.
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8 ONE-DIMENSIONAL FLOW WITH HEAT
DDITION

Consider again Fig 3 5, which illustrates a control volume for one-dimensional
flow Inside this control volume some action is occurring which causes the flow
properties in region 2 to be different than in region 1. In the previous sections,
this action has been due to a normal shock wave, where the large gradients inside
the shock structure ultimately result in an increase in entropy via the effects of
viscosity and thermal conduction. However, these effects are taking place inside
the control volume in Fig. 3.5 and therefore the governing normal shock
.quations relating conditions in regions 1 and 2 did not require explicit terms
ccounting for friction and thermal conduction.

The action occurring inside the control volume in Fig. 3.5 can be caused by
eflfects other than a shock wave For example, if the flow is through a duct,
friction between the moving fluid and the stationary walls of the duct causes
changes between regions 1 and 2. This can be particularly important in long
pipelines transferring gases over miles of land, for example. Another source of
hange in a one-dimensional flow is heat addition If heat is added to or taken
wway from the gas inside the control volume in Fig 3 5, the properties in region 2
vill be different than those in region 1 This is a governing phenomenon in
urbojet and ramjet engine burners, where heat is added in the form of fuel-air
‘ombustion. It also has an important effect on the supersonic flow in the cavities
f modern gasdynamic and chemical lasers, where heat is effectively added by
hemical reactions and molecular vibrational energy deactivation. Another exam-
yle would be the heat added to an absorbing gas by an intense beam of radiation;
wch an idea has been suggested for laser-heated wind tunnels In general,
herefore, changes in a one-dimensional flow can be created by both friction and
eat addition without the presence of a shock wave One-dimensional flow with
ieat addition will be discussed in this section. Flow with friction, a somewhat
inalogous phenomenon, is the subject of Sec. 39

Consider the one-dimensional flow in Fig. 3.5, with heat addition (or
xtraction) taking place between regions 1 and 2. The governing equations are
Egqs (3.2), (3 5), and (3.9), repeated here for convenience

Priy = Py (3.2)

nt Plul2 =pt qu% (3 5)
uf us

h1+7+q=hl+? (39)

Il conditions in region 1 are known, then for a specified amount of heat added
per unit mass, ¢, these equations along with the appropriate equations of state
can be solved for conditions in region 2 In general, a numerical solution is
1iequired. However, for the specific case of a calorically perfect gas, closed-form
analytical expressions can be obtained—just as in the normal shock problem
Therefore, the remainder of this section will deal with a calorically perfect gas
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Solving Eq (3.9) for ¢, with i = ¢, T,

uj
— CpTl + 7

From the definition of total temperature, Eq. (3 27), the terms on the right-hand
side of Eq. (3.76) simply result in

2

u;

q=c,T, ~c,T, =c,(T, ~T,) (3.77)

Equation (3 77) clearly indicates that the effect of heat addition is to directly
change the total temperature of the flow. If heat is added, T, increases; if heat is
extracted, T, decreases.

Let us proceed to find the ratios of properties between regions 1 and 2 in
terms of the Mach numbers M; and M,. From Eqg. (3.5), and noting that

Yp
pu2 — p{121\42 — p_p_MZ — ,YPMZ

we obtain
o=l — poul = vy M2 — vp. M2
P2 = Py T 0ty T Pty =Y My T Ypy M
Hence,
P, 1+ yM?
b Lo o578
Py 1+ yM;
Also, from the perfect gas equation of state and Eq (3.2),
T p u
__2_24,’2_]_:&__% (3.79)
T, piey P4y
From Eq. (3.20) and the definition of Mach number,
u M, a M, { T,\"?
_2 _ ___2 _,E — *_2 _:7'_ (3 80}
w  Mya M\T,
Substituting Eqs (3.78) and (3 80) into (3 79),
T, 1+ yM/} : M, : \
— = 5 (3.81;
T, 1+ yM; M,
Since o, /0, = (p,/P1XT,/T;), Egs. (3.78) and (3.81) yield
1+ yM2\ [ M \?
L PR N R | e (382
P 1+ yM7 [\ M,
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The ratio of total pressures is obtained directly from Eqs (3 30) and (3.78),

v/ (y— 1

2

POZ 1 + _YM12 1 + M2 83
P 1+ YM} y—1 (3.83)
g 1+ M}

vy —1

The ratio of total temperatures is obtained directly from Egs. (3 28) and (3.81),

v—-1
T, (1+YM12)2(M2)2 b 2 M;

2 -
L, \1+yMPJAM ]|, 7 IM12

(3.84)

Finally, the entropy change can be found from Eq (1 36) with T, /7, and p,/p,
given by Eqs. (3.81) and (3.78), respectively.

A scheme for the solution of one-dimensional flow with heat addition can
now be outlined as follows. All conditions in region 1 are given Therefore, for a
given g, T, can be obtained from Eq. (377). With this value of 7, Eq (3.84)
can be solved for M, Once M, is known, then p,/p,, T,/T,, and p,/p, are
directly obtained from Egs (3.78), (3.81), and (3 82), respectively. This is a
straightforward procedure, however, the solution of Eq (3 84) for M, must be
found by trial and error. Therefore, a more direct method of solving the problem
of one-dimensional flow with heat addition is given below

For convenience of calculation, we use sonic flow as a relerence condition.
Let M, = 1, the corresponding flow properties are denoted by p, = p*, T, = T*,

1 = 0% p, = p;,and T, = T* The flow properties at any other value of M are

then obtained by inserting M; = 1 and M, = M into Eq (3.78) and Egs (3 81)
to (3.84), yielding

p 1+y
;;=1+7M2 (3 85)
T 1+y \*
o M2(1 +~,M2) (3 86)
p 1 (14 yM?
E=M2( 1+y (387)
P, _ Lty [24(y-pm2]70? 1 88
pr 1+ yM? Y+ 1 (388)
T, (y+1)M?

= (——[2 + (v - 1)M?| (3 89)

Y (1+yM?)

Equations (3.85) through (3 89) are tabulated as a function of M for y = 14 in
Table A.3. Note that, for a given flow, no matter what the local flow properties
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Illustration of the meaning of the starred quantities at Mach 1 for one-dimensionai flow with hea
addition

are, the reference sonic conditions (the starred quantities) are constant values
These starred values, although defined as conditions that exist at Mach 1, are
fundamentally different than T*, p* and p* defined in Sec. 3.4 There, T* was
defined as the temperature that would exist at a point in the flow if the flow al
that point were imagined to be locally slowed down (for a supersonic case) or
speeded up (for a subsonic case) to Mach 1 adiabatically In the present seciion
we are dealing with a one-dimensional flow with heat addition—definitely a
nonadiabatic process. Here, T*, p* and p* are those conditions in a one-dimen
sional flow that would exist if enough heat is added to achieve Mach 1 To «ee
this more clearly, consider two different locations in a one-dimensional flow with
heat addition, denoted by stations 1 and 2 as sketched in Fig. 3.114. The flow at
station 1 is given by M,, p,, and T,. For the sake of discussion, let M, = 3. Now,
let an amount of heat ¢; be added to this flow between stations 1 and 2. As
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result, the flow properties at location 2 are M,, p,, and 7, as shown in Fig
3 11a. Assume that ¢, was a sufficient amount to result in M, = 1.5. (We will
soon demonstrate that adding heat to a supersonic flow reduces the Mach
number of the flow.) Now, return to station 1, where the local Mach number is
M, = 3. Imagine that we add enough heat downstream of this station to cause
the flow to slow down to Mach 1 as shown in Fig. 3.115; denote this amount of
heat by ¢f. Clearly, ¢f > ¢,. The conditions in the duct where M = 1 after g} is
added are denoted by T*, p*, p*, p*, and TF. Now, return to station 2, where
M, = 1.5. Imagine that we add enough heat downstream of this station to cause
the flow to slow down to Mach 1 as sketched in Fig. 3.11¢; denote this amount of
heat by g¥. The conditions in the duct where M =1 after g¥ is added are
denoted by T*, p*, p*, p¥, and T*. These are precisely the same values that were
obtained by adding gf downstream of station 1. In other words, for a given
one-dimensional flow, the values of T*, p* p*, etc, achieved when enough heat
1s added to bring the flow to Mach 1 are the same values, no matter whether the
heat is added as g{ downstream of station 1 or as g§ downstream of station 2
This 1s why, in Eqs. (3.85) through (3.89), the starred quantities are simply
reference quantities that are fixed values for a given flow entering a one-dimen-
sional duct with heat addition. With this concept, Egs. (3.85) through (3.89), or
rather the tabulated values in Table A.3 obtained from these equations, simplify
the calculation of problems involving one-dimensional flow with heat addition.

Example 3.8. Air enters a constant-area ductat M; = 02, p, = 1 atm, and 7} = 273
K Inside the duct, the heat added per unit mass is ¢ = 10 X 10° J/kg Calculate
the flow properties M,, p,, T, p;, T, , and p, at the exit of the duct

Selution. From Table Al,for M; =02 T, /T, = 1008 and p, /p; = 1 028 Hence
T, = 10087, = 1 008(273) = 275 2K
po, = 1028p; =1 028(1 atm) = 1028 atm

YR (14)(287)

= = 1005 J/k
“T Y 04 e K
From Eq (377)
T 1 T —w—fl 0 > 107 2752 1270 K
7 ¢, “ 1005

From Table A3, for M, = 02 T,/T* = 02066, p,/p* = 2273, p, /p} = 1235,
and T, /T = 01736 Hence

T, T,7T, 1270

2.0 o T (01736) = 08013
T T, TF 2152

From Table A.3, this corresponds to | M, = 0 58
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Also from Table A3, for M, = 058 T,/T* = 0.8955, p,/p* = 1632, p, /p}
= 1 (083 Hence

1, T

1
T, = — —T, = (08955 273) = 11831(&
o ! ( )(02066)( )
1
75 n P = 1 atm =10 718 atm
7 2273
Po, P} 1
~ fo =1083———1028 = {0902 at
Por ™ g g P 1235

Since 1 atm = 101 X 10° N/n?,

s {0.718)(1 01 X 10%)
= = =10214%
P2 = 1, (278)(1183) 0l ke/m

Example 3.9, Air enters a constant-area duct at M, = 3, p, = 1 atm, and 7} = 300
K. Inside the duct, the heat added per unit mass is ¢ = 3 X 10° J /kg Calculate the
flow properties M, p,, T, p;, T, , and p, at the exit of the duct

#
el
?
~
[y
&
[

Solution. From Table A1, for M, =3 T, /T, =28 Hence
T, = 28(300) = 840K

YR (1 4)(287)
y—1 B 04

~ 1004 53 /kg K

From Eq. 3.77)
qg=c(T, ~T,)

T i T 3 X 10 840 1139 K
n T T 10045

From Table A3, for M, =3 p,/p*=01765, T,/7* = 02803, and T, /T* =
0 6540 Hence

Thus

7 [ 2 9
i = ol — = ——(( 6540) = 0 8868
Ty 340

From Table A 3, for T, /T = 08868 M, = Also from Table A3, p,/p*
= 05339 and T,/T* = 07117 Thus

= ﬁi = () 5339 ~;1—M (1 atm) = | 3 025 atm
Py "L 01765
= 2D g — 00y = {761 7K
2o 7(02303)( )
3 025)(1 01 x 10°
py = 22 (3 025)( L ke,/m'
RT, (287)(761 7)
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From Table A3, for M, =3. p, /py =3424 For M, =158: p, /p; = 1164
Thus
Poy _ Po/Py 1164

= = = 340
Po, Do /Py 3424

From Table A1, For M, = 3: p, /p, = 36 73 Hence

Q pG
Py, = “p_z‘“lpl = (0 340)(36 73)(1 atm) = | 12 49 atm

[N 1

Certain physical trends reftected by the numbers obtained from such
solutions are important, and are summarized below:

1. For supersonic flow in region 1, te.,, M, > 1, when heat is added
Mach number decreases, M, < M,
Pressure increases, p, > p,
Temperature increases, 7, > T

. Total temperature increases, T, > T,
Total pressure decreases, p, < p,
Velocity decreases, u, < u;

For subsonic flow in region 1, re., M, < 1, when heat is added

Mach number increases, M, > M,

Pressure decreases, p, < p;

Temperature increases for M, < y~'/? and decreases for M; > y~'/?
Total temperature increases, T, > T,

Total pressure decreases, p, < p,

Velocity increases, u, > u,

-0 a0 g

3

1

R =N el g

flor heat extraction (cooling of the flow), all of the above trends are opposite.
From the above, it is important to note that heat addition always drives the
Mach numbers toward 1, decelerating a supersonic flow and accelerating a
subsonic flow This is emphasized in Fig 312, which is a Mollier diagram
(enthalpy versus entropy) of the one-dimensional heat-addition pirocess. The
curve in Fig. 312 is called the Rayleigh curve, and is drawn for a set of given
mitial conditions. If the conditions in region 1 are given by point 1 in Fig. 3.12,
then the particular Rayleigh curve through point 1 is the locus of all possible
slates in region 2. Each point on the curve corresponds to a different value of ¢
added or taken away. Point a corresponds to maximum entropy, also at point a
the flow is sonic. The lower branch of the Rayleigh curve below point a
corresponds to supersonic flow; the upper branch above point a corresponds to
subsonic flow. If the flow in region 1 of Fig 3.5 is supersonic and corresponds to
point 1 in Fig, 3 12, then heat addition will cause conditions in region 2 to move
(loser to point a, with a consequent decrease of Mach number towards unity As
« is made larger, conditions in region 2 get closer and closer to point a. Finally,
for a certain value of g, the flow will become sonic in region 2 For this
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(Sonic flow)

FIGURE 3.12
The Rayleigh curve

condition, the flow is said to be choked, because any further increase in g is not
possible without a drastic revision of the upstream conditions in region 1 For
example, if the initial supersonic conditions in region 1 were obtained by
expansion through a supersonic nozzle, and if a value of ¢ is added to the flow
above that allowed for attaining Mach 1 in region 2, then a normal shock will
form inside the nozzle and conditions in region 1 will suddenly become subsonic

Now consider an alternative case where the initial flow in region 1 in Fig
35 is subsonic, say given by point 1’ in Fig. 3.12 If heat is added to the flow,
conditions in the downstream region 2 will move closer to point a If g Is
increased to a sufficiently high value, then point a will be reached and the flow in
region 2 will be sonic The flow is again choked, and any further increase in g is
impossible without an adjustment of the initial conditions in region 1. If g 1
increased above this value, then a series of pressure waves will propagate
upstream, and nature will adjust the conditions in region 1 to a lower subsonic
Mach number, to the left of point 1’ in Fig. 3.12.

Note from the Rayleigh curve in Fig. 3.12 that it is theoretically possible to
decelerate a supersonic flow to a subsonic value by first heating it until sonic flow
(point a) is reached, and then cooling it thereafter Similarly, an initially
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subsonic flow can be made supersonic by first heating it until sonic flow (point a)
is reached, and then cooling it thereafter

Finally, just as in the case of a normal shock wave, heat addition to a flow
—subsonic or supersonic—always decreases the total pressure. This effect is of
prime importance in the design of jet engines and in the pressure recovery
attainable in gasdynamic and chemical lasers

Example 3.10. In Example 3 9, how much heat per umit mass must be added to
choke the flow?

Solution. From Example 39, T, =840 K Also from Table A3, for M, = 3:
T, /T} = 0.6540 Thus
., T, 840
° 06540 06540
When the flow is choked, the Mach number at the end of the duct is M, = 1 Thus

T, = TF =1284K

e}

= 1284 K

g =c,(T, - T,) = (1004 5)(1284 — 840) = | 4 46 X 10° I /kg

39 ONE-DIMENSIONAL FLOW
WITH FRICTION

Consider the one-dimensional flow of a compressible inviscid fluid in a constant-
area duct. If the flow js steady, adiabatic, and shockless, Egs (3.2), (3.5), and
(3.9) yield the trivial solution of constant property flow everywhere along the
duct. However, in reality, all fluids are viscous, and the friction between the
moving fluid and the stationary walls of the duct causes the flow properties to
change along the duct. Although viscous flows are not the subject of this book, if
the frictional effect is modeled as a shear stress at the wall acting on a fluid with
uniform properties over any cross section, as illustrated in Fig. 3.13, then the
equations developed in Sec. 3.2, with one modification, describe the mean
properties of frictional flow in constant-area ducts. The analysis and results are

analogous to one-dimensional flow with heat addition, treated in the previous
section.

[

T

TW
-‘l, 4 /,—
f/ ,t/, / \
b L ! Flow
L i
[ i
\\ \ \\
\\ \'\ \\
FIGURE 3.13
e dx
X _—1 |‘— Model of one-dimensional flow with fric-
- L > tion
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The aforementioned modification applies to the momentum equation. As
seen in Fig. 3.13, the frictional shear stress 7, acts on the surface of the:
cylindrical control volume, thus contributing an additional surface force in the:
integral formulation of the momentum equation. Equation (3.4) is the x compo-
nent of the momentum equation for an inviscid gas, with the shear stress
included, this equation becomes

#(pV'dS)u= —@(pdS)x— Sﬁﬁ?wdS (3 90)

S S S

Applied to the cylindrical control volume of diameter D and length . sketched
in Fig. 3.13, Eq. (3 90) becomes

2 2 L
—pulA + pyuld = piA — p,A ~ f 7D, dx (3 91)
0

Since 4 = wD?/4, Eq (3 91) becomes

4 .
_ 2y o
(Pz Pl) + (quz P1“1) D fo 7, dx (3 92)

The shear stress 7, varies with distance x along the duct, thus complicating the
integration on the right-hand side of Eq. (3 92). This can be circumvented by
taking the limit of Eq. (3 92) as L shrinks to dx, as shown in Fig 3 13, resulting
in the differential relation

4
dp + d(pu®) = — o dx (3 93)

From Eq. (3.2), pu = const Hence, d{pu®) = pudu + ud(pu) = pudu + u(0)
= pudu. Thus Eq. (3.93) becomes

4
dp + pudu = — o™ dx (3.94)
The shear stress can be expressed in terms of a friction coefficient f, defined as
T, = 3P u’f. Hence, Eq. (3.94) becomes

4fdx
D

Returning to Fig 313, the driving force causing the mean cross-sectional
flow properties to vary as a function of x is friction at the wall of the duct, and
this variation is governed by Eq. (3.95). For practical calculations dealing with a
calorically perfect gas, Eq. (3.95) is recast completely in terms of the Mach
number M. Ths can be accomplished by recalling that, a®> = yp/p, M* = u’/d’,
p = pRT, pu=const, and ¢, T + u’/2 = const The derivation is left as an
exercise for the reader; the result is

4fdx 2

5 = - MH[1 + 3y - ) M?]

dp + pudu = —1ipu? (3.95)

e 3.96
M (')
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Integrating Eq (3.96) between x = x; (where M = M) and x = x, (where
M= M,),

M,

v, 4fdx 1 vy + 1 M?
fz fdx | _ - — In — (3.97)
Ny D YM 27 Y MZ

1+
2 M,

Equation (3 97) relates the Mach numbers at two different sections to the
integrated effect of friction between the sections.

The ratios of static temperature, pressure, density, and total pressure
between the two sections are readily obtained The flow is adiabatic, hence
T, = const. Thus, from Eq (3 28), we have

‘ L, T,/T, 2+ (y-1)M} 3 98)
‘T1_To/73—2+(Y*1)M22 (
Also, since p,u; = pyu,, and a* = yp/p, then
YPiMy TPty
af a3
M, a M T.
or —p—2=—1*3=-*—1]/—2 (3.99)
P My a M, T,
Substituting Eq (3 98) into (3.99), we have
i/2
P2 M [ 24 (v - 1)M?
— = S (3.100)
P M| 2+ (v - 1M

Irom the equation of state, p,/p, = (p,/p,XT,/T,) Substituting Eqgs. (3 98)
and (3.100) into this result, we obtain

—-1/2
P ML[Z“L(Y_UME} / (3.101)

b My 24 (v — 1M

Uinally, from Egs. (3 30) and (3.100), the ratio of total pressures is

Aly—1) /2
Po, _ Po,/ P2 P2 _ [2 +(y — I)Mzz}y ! M, [2 +(y - 1)M12]

Po.  Po/PrPr |2+ (v~ )M M, |2+ (y — 1) M}

0 M |2+ (y-1)M? (y+D/2y=1)]
Pz 1[ ( | 2} (3.102)

P My 2+ (y - )M]
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Analogous to our previous discussion of one-dimensional flow with heat
addition, calculations of flow with friction are expedited by using sonic flow
reference conditions, where the flow properties are denoted by p*, p* 7*, and
py. From Eqs (3.98) and (3.100) through (3 102),

T vy +1

™ 24 (y- )M (3.103)
P 1 [ -Y+1 11,2

M 104
p* M2+ (v - 1)M?| (3.104)
Y 1 F2+('Y"1)M2"1/2

M y+1 (3.105)
P 124 (y - 1)m2 ] VR0

oM v+l (3.106)

Also, if we define x = L* as the station where M = 1, then Eq. (3.97) becomes

1

L 4fdx 1 vy +1 M?
A v s v Iy
1+ M?
M
AfL* 1 - M? +1 y + 1)M?
or 4 = - + ! In ( ) 2 (3.107)
D vM 2y 2+ (y—-1)M

where f is an average friction coefficient defined as

. 1 7
f=z;f0 fdx

Equations (3.103) through (3.107) are tabulated versus Mach number in Table
Adfory=14.

The local friction coefficient f depends on whether the flow is laminar o
turbulent, and is a function of Mach number, Reynolds number, and surface
roughness, among other variables. In almost all practical cases, the flow i
turbulent, and the vanation of f must be obtained empirically. Extensive friction
coefficient data can be obtained from Schlicting’s classical book (Ref 20} among
others; hence, no further elaboration will be given here. For our purposes, it is
reasonable to assume an approximate constant value of f = 0.005, which holds
for R, > 10° and a surface roughness of 0.001D

Example 3.11. Consider the flow of air through a pipe of inside diameter = 015 m
and length = 30 m The inlet flow conditions are M; =03, p, =1 atm, and
T, = 273 K. Assuming / = const = 0 005, calculate the flow conditions at the exit,
M2! P2 TZ: and Ps,
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Solution. From Table A1, for M; = 03: p, /p, = 1064 Thus
P,, = 1 064(1 atm) = 1 064 atm

From Table A4, for M, = 03" 4fL¥/D = 5299, p,/p* = 3.619, T, /T* = 1179,
"ahd p, /p* = 2035 Since L = 30 m = L} — L}, then L} = L} — L and

a4fLF  AfLF  4fL 1993 (4)(0 005)(30)
D D D 0.15

From Table A4, for 4fL* /D = 12993: [M, = 0475}, T,/T* = 1.148, p,/p* =
2.258, and p, /p? = 1392 Hence

= f)_zf)._ =2 258—1-—(1 atm) = | } 624 atm
Pa= o P 3.169

=1 2993

T. BT*T 1148 . 273 = | 2658 K
A 11797 T
Po, P* 1 .
= 2 _p =1392———1.064="{0728 at
Po, o P,,,pg' 2035 6 0 728 atm

Example 3.12. Consider the flow of air through a pipe of inside diameter = 04 ft
and length = 5 ft The inlet flow conditions are M, = 3, p, = 1 atm, and T; = 300
K. Assuming f = const = 0 005, calculate the flow conditions at the exit, M,, p,,
T;, and p, .

Solution. LY — L = . Hence
AfLY  4Afl}  4AfL

D D D
From Table A4, for M, = 3: 4fL¥/D = 05222, T,/T* = 04286, and p,/p* =
0.2182 Thus

AfL* 4(0 005)(5
3 o ey HO009)(5)

= (2722

From Table A4, for 4f1.%/D = 02722; Also from Table A4: T,/T*
= (6969 and p,/p* = 04394 Thus

=21 06969
2o 1= )(04286

_hP =(o4394)( ! )(1atm)-—i2014atm
Pa = 0 2182

*
From Table A 4, for M, =3 p, /py = 4235 Also for M, =19 p, /pt = 1555
Thus

)(300) =|4878K

Po Po,/Py 1355
e e = = () 367
P, PSPy 41235

From Table A1, for M, =3 p, /p; = 3673 Thus

o .po
pﬂ] o
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Certain physical trends reflected by the numbers obtained from such
solutions are summarized here:

1. For supersonic inlet flow, i.e, M, > 1, the effect of friction on the downstream
flow is such that
a Mach number decreases, M, < M,
b. Pressure increases, p, > p;
¢ Temperature increases, 1, > T}
d Total pressure decreases, p, < p,
e. Velocity decreases, u, < u

2. For subsonic inlet flow, ie, M, < 1, the effect of friction on the downstream
flow is such that
a. Mach number increases, M, > M,
b. Pressure decreases, p, < p,
c. Temperature decreases, T, < T,
d Total pressure decreases, p, <p
e. Velocity increases, u, > u;

0

From the above, note that friction always drives the Mach number toward
1, decelerating a supersonic flow and accelerating a subsonic flow. This is
emphasized in Fig 3 14, which is a Mollier diagram of one-dimensional flow with
friction. The curve in Fig 3.14 is called the Fanno curve, and is drawn for a set of
given initial conditions. Point a corresponds to maximum entropy, where the
flow is sonic. This point sphts the Fanno curve into subsonic (upper) and

alM = 1)

FIGURE 3.14
5 The Fanno curve
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supersonic (lower) portions. If the inlet flow is supersonic and corresponds to
point 1 in Fig 3.14, then friction causes the downstream flow to move closer (0
point a, with a consequent decrease of Mach number towards unity Each point
on the curve between points 1 and a corresponds to a certain duct length L As
L is made larger, the conditions at the exit move closer to point @ Finally, for a
certain value of L, the flow becomes sonic For this condition, the flow is choked,
because any further increase in L is not possible without a drastic revision of the
inlet conditions. For example, if the inlet conditions at point 1 were obtained by
expansion through a supersonic nozzle, and if L were larger than that allowed for
attaining Mach 1 at the exit, then a normal shock would form inside the nozzle,
and the duct inlet conditions would suddenly become subsonic

Consider the alternative case where the inlet flow is subsonic, say given by
point 1" in Fig. 3.14. As L increases, the exit conditions move closer to point a
If L is increased to a sufficiently large value, then point a is reached and the flow
al the exit becomes sonic. The flow is again choked, and any further increase in L
15 impossible without an adjustment of the inlet conditions to a lower inlet Mach
number, i.e., without moving the inlet conditions to the left of point 1’ in Fig
314,

Finally, note that friction always causes the total pressure to decrease
whether the inlet flow is subsonic or supersonic. Also, unlike the Rayleigh curve
for flow with heating and cooling, the upper and lower portions of -the Fanno
curve cannot be traversed by the same one-dimensional flow. That is, within the
framework of one-dimensional theory, it is not possible to first slow a supersonic
flow to sonic conditions by friction, and then further slow it to subsonic speeds

also by friction. Such a subsonic deceleration would violate the second law of
thermodynamics.

i

Example 3.13. In Example 3 12, what is the length of the duct required to choke the
flow?

Sofution. From Table A4, for M, =3 4fL}/D = 05222 The length of the duct
required to achieve Mach 1 at the exat of the duct is, by defimtion, L} Thus

D
L*=0 szzzzf = (0 5222) 10 44 ft

(4)(0005)

3.10 HISTORICAL NOTE: SOUND WAVES
AND SHOCK WAVES

Picking up the thread of history from Sec. 1.1, the following questions are posed:

When was the speed of sound first calculated and properly understood? What is

*the origin of normal shock theory? Who developed the principal equations
discussed in this chapter? Let us ¢xamine these questions further.

By the seventeenth century, it was clearly appreciated that sound propa-

- gates through the air at some finite velocity Indeed, by the time Isaac Newton

published the first edition of his Principia in 1687, artillery tests had already
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indicated that the speed of sound was approximately 1140 ft /s. These tests were
performed by standing a known large distance away from a cannon, and noting
the time delay between the light flash from the muzzle and the sound of the
discharge. In Proposition 50, Book II, of his Principia, Newton correctly theo-
rized that the speed of sound was related to the “elasticity” of the air (the
reciprocal of the compressibility defined in Sec. 12). However, he made the
erroneous assumption that a sound wave is an isothermal process, and conse-
quently proposed the following incorrect expression for the speed of sound:

1
a= —
PTy

where 7 is the isothermal compressibility defined in Sec. 1.1. Much to his
dismay, Newton calculated a value of 979 ft /s from this expression—15 percen
lower than the existing gunshot data. Undaunted, however, he followed a nov
familiar ploy of theoreticians, he proceeded to explain away the difference by the
existence of solid dust particles and water vapor in the atmosphere This
misconception was corrected a century later by the famous French mathemati-
cian. Pierre Simon Marquis de Laplace, who in a paper entitled “Sur la vitesse du
son dans l'aire et dan 'eau” from the Annales de Chimie et de Physique (1816)
properly assumed that a sound wave was adiabatic, not isothermal Laplace went
on to derive the proper expression

where 7, is the isentropic compressibility defined in Sec. 1.1. This equation is th¢
same as Eq (3 18) derived in Sec 3 2. Therefore, by the time of the demise of
Napoleon, the process and relationship for the propagation of sound in a gas was
fully understood. '

The existence of shock waves was also recognized by this time, and
following the successful approach of Laplace to the calculation of the speed of
sound, it was natural for the German mathematician G. F, Bernhard Riemann m
1858 to first attempt to calculate shock properties by also assuming 1sentrop10
conditions. Of course, this was doomed to failure. However, 12 years later, the
first major breakthrough in shock wave theory was made by the SCOttlSh
engineer, William John Macquorn Rankine (1820~1872) (See Fig. 3.15 ) Born 1ri
Edinburgh, Scotland, on July 5, 1820, Rankine was one of the founders of thc
science of thermodynamics. At the age of 25, he was offered the Queen Victoria
Chair of Civil Engineering and Mechanics at the University of Glasgow, a pos
he occupled until his death on December 24, 1872. During this period, Rankine
worked in the true sense as an engineer, applying scientific principles to the
fatigue in metals of railroad-car axles, to néw methods of mechanical construc:
tion, and to soil mechanics dealing with earth pressures and the stability o
retaining walls. Perhaps his best-known contributions were in the field of steam
engines and the development of a particular thermodynamuc cycle bearing his %
name. Also, an engineering unit of absolute temperature was named in his honor!
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FIGURE 3.15
W J M Rankine (1820—15‘572)

Rankine’s contribution to shock wave theory came late in life—2 years
before hus death. In a paper published in 1870 in the Philosophical Transactions of
the Royal Society entitled “On the Thermodynamic Theory of Waves of Finite
Longitudinal Disturbance,” Rankine clearly presented the proper normal shock
equations for continuity, momentum, and energy in much the same form as our
Egs. (3.38) through (340). (It is interesting that in these equations Rankine
defined a quantity he called “bulkiness” which is identical to what we now define
as “specific volume.” Apparently the usage of the term “bulkiness” later died out
of 1ts own cumbersomeness.) Moreover, Rankine properly assumed that the
internal structure of the shock wave was not isentropic, but rather that it was a
region of dissipation. He was thinking about thermal conduction, not the
companion effect of viscosity within the shock. However, Rankine was able to
successfully derive relationships for the thermodynamic changes across a shock
wave analogous to the equations we have derived in Sec 3.7. (It is also interesting
to note that Rankine’s paper coined the symbol y for the ratio of specific heats,
¢,/c,, we are still following this notation a century later He also recognized that
the value of y was “nearly 1.41 for air, oxygen, nitrogen and hydrogen, and for
steam-gas nearly 13")

The equations obtained by Rankine were subsequently rediscovered by the
Fiench ballistician Pierre Henry Hugoniot Not cognizant of Rankine’s work,
Hugoniot in 1887 published a paper in the Journal de [’Ecole Polytechnique
entitled “Mémoire sur la propagation du Mouvement dans les Corps et Spéciale-
ment dans les Gases Parfaits” in which the equations for normal shock thermo-
dynamic properties were presented, essentially the equations we have derived in
Sce, 3.7. As a result of this pioneering work by Hugoniot and by Rankine before
him, a rather modern generic term has come into use for all equations dealing
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M

A S

FIGURE 3 16
Lord Rayleigh (1842-1919)

with changes across shock waves, namely, the Rankine-Hugoniot relations Th
label appears frequently in modern gasdynamic literature.

However, the work of both Rankine and Hugoniot did not establish the
direction of changes across a shock wave. Noted in both works is the mathemati
cal possibility of either compression (pressure increases) or rarefaction (pressure
decreases) shocks. This same possibility is discussed in Sec. 3.6. It was not until
1910 that this ambiguity was resolved. In two almost simultaneous and indepen-
dent papers, first Lord Rayleigh (see Fig. 3.16) and then G. L. Taylor invoked the
second law of thermodynamics to show that only compression shocks are
physically possible—i e. the Rankine-Hugoniot relations apply physically only to
the case where the pressure behind the shock is greater than the pressure in front
of the shock, Rayleigh's paper was published in Volume 84 of the Proceedings of
the Royal Society, September 15, 1910, and was entitled ““Aerial Plane Waves of
Finite Amplitude.” Here, Lord Rayleigh summarizes his results as follows

But here a question anses which Rankine does not seem to have considered In
order to secure the necessary transfers of heat by means of conduction it is an
indispensable condition that the heat should pass from the hotter to the colde
body If maintenance of type be possible in a particular wave as a result o
conduction, a reversal of the motion will give a wave whose type cannot be



ONE DIMENSIONAL FLOW 95

maintained We have seen reason already for the conclusion that a dissipative
agency can serve to mamtain the type only when the gas passes from a less to a
more condensed state

In addition to applying the second law of thermodynamics, Rayleigh also showed
that viscosity played as essential a role in the structure of a shock as conduction.
(Recall that Rankine considered conduction, only, also, Hugoniot obtained his
results without reference to any dissipative mechanism.)

One month later, in the same journal, a young G I. Taylor (who was to
become one of the leading fluid dynamucists of the twentieth century) published a
short paper entitled “The Conditions Necessary for Discontinuous Motion in
Gases” which supported Rayleigh's conclusions Finally, over a course of 40
years, culminating in the second decade of thus century, the theory of shock
waves as presented in this chapter was fully established.

It should be noted that the shock wave studies by Rankine, Hugoniot,
Rayleigh, and Taylor were viewed at the time as interesting basic mechanics
research on a relatively academic problem. The on-rush of the application of this
theory did not begin until 30 years later with blooming of interest in supersonic
vehicles during World War I1. However, this is a classic example of the benefits
of basic research, even when such work appears obscure at the moment Rapid
advances in supersonic flight during the 1940s were clearly expedited because
shock wave theory was sitting there, fully developed and ready for application.

311 SUMMARY

This chapter has dealt with one-dimensional flow, i.e., where all flow properties
are functions of one space dimension, say x, only. This implies flow with constant
c10ss-sectional area. Three physical mechanisms that cause the flow properties to
change with x even though the area is constant are: (1) a normal shock wave,
(2) heat addition, and (3) friction.

The basic normal shock equations are:

Continuity. Py = Pylty (3.38)

Momentum P+ ol =p, + pyul (3 39)
ul u3

E!?(’lgy hl + *2— = /12 + E (340)

A combination of these equations, along with the equation of state leads to the
Prandtl relation

a*? = uu, (3.47)

which in turn leads to an expression for the Mach number behind a normal
shock-

1+ [(Y - 1)/2] M}
yM? —(y -1)/2

M; = (3 51)
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Further combinations of the basic normal shock equations give

P2 2y

— =1+ M~ 1 357
and

p 1 (y + 1) M2

2wl )My (3.53)

£y Uy 1+ (Y* 1)M12

Important. Note that the changes across a normal shock wave in a calorically
perfect gas are functions of just M, and y For normal shock waves, the
upstream Mach number is a pivotal quantity. Also, across a normal shock wave,
T, is constant, s increases, and p, decreases. (However, if the gas is not
calorically or thermally perfect, T, is not constant across the shock.) A purely
thermodynamic relation across a normal shock wave is the Hugoniot equation,

P1+p2

62“—6

(v, —vy) (3.72)

a graph of which, on the p — v plane, is called the Hugoniot curve.
The governing equations for one-dimensional flow with heat addition are

Continuity - Pl = Pyt (3.2)
Momentum Py P = py + pout? (3.5)
Energy h, +3;~+q=h +"u2—§ (3.9)
The heat addition causes an increase in total temperature, given by
g=c,(T, ~T,) (3.77)

for a calorically perfect gas. Also for this case, the governing equations lead
relationships for the flow properties before and after heat addition in terms of thc
Mach numbers M, and M, before and after heat addition, respectively. Ng
that heat added to an initially supersonic flow slows the flow. If enough heat 1
added, the flow after heat addition can be slowed to Mach 1; this is the case ]
thermal choking. Heat added to an initially subsonic flow increases the ﬂo
Speed If enough heat is added, the flow after heat addition can reach Mach

i

heat is added, nature adjusts the wpstream quantities to allow for the extra hea
An initially supersomc fiow that becomes thermally choked will become total

have its inlet Mach number reduced when additional heat is added. A plot of
thermodynamic properties for one-dimensional flow with heat addition on{
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Mollier diagram is called a Rayleigh curve, hence, such flow with heat addition is
called Rayleigh-line flow

The governing equations for one-dimensional flow with friction are

Continuity Pl = Pyl (3.2)
1
Momentum. P+ opf - ——f wDr7, dx
A,
= py + a3 (3.91)
ul u3
Energy - h, + 5= hy + ) (3 40)

This flow is adiabatic, hence T, is constant. The entropy is increased due to the
presence of friction The governing equations lead to relationships for the flow
properties at the inlet and exit in terms of M, and M, at the inlet and exit,
respectively M, is related to M, through Eq. (397) The same type of choking
phenomena occurs here as the case of flow with heat addition An initially
supersonic flow slows due to the influence of friction, if the constant-area duct is
long enough, the exit Mach number becomes unity, and the flow is said to be
choked. If the duct is made longer after the flow is choked. nature readjusts the
flow in the duct so as to become subsonic at the inlet An initially subsonic flow
-experiences an increase in velocity due to friction—a seemingly incongruous
aesult because intuition tells us that friction would always reduce the flow
velocity, However, the pressure gradient along the duct in this case is one of
decreasing pressure in the x direction; this is in order to obey the governing
equations. This favorable pressure gradient tends to increase the flow velocity.
Indeed, the effect of decreasing pressure in the flow direction dominates over the
retarding efect of friction at the walls of the duct, and hence one-dimensional
Subsonic flow with friction results in an increase in velocity through the duct.
Another way to look at this situation is to recognize that, in order to set up
Subsomc one-dimensional flow with friction, a high pressure must be exerted at
the inlet and a lower pressure at the exit. A plot of the thermodynamic properties
of flow with friction on a Mollier diagram is called a Fanno curve, and such flow
is called Fanno-line flow.

In this chapter, a number of conveniently defined flow quantitics are
mtioduced: (1) total temperature, which is the temperature that would exist if
the flow were reduced to zero velocity adiabatically; (2) total pressure, which is
the pressure that would exist if the flow were reduced to zero velocity isentropi-
tally, (3) T* (and hence a* = \/yRT™*), which is the temperature that would exist
t the flow were slowed down or speeded up (as the case may be) to Mach 1;
4) characteristic Mach number, M* = ¥V /a* Section 3.5 gives many alternate
‘orms of the energy equation in terms of these quantities Study thus section
%arefully. Of particular importance are the following relations which hold for a
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calorically perfect gas:

T, -1

e 1+ M? (3 28)
3 Y — y/Ay~1)

% - (1 + = w) (3 30)
0, -1 L/y=1)

; = (1 + ! 2 Mz) (3 31)

PROBLEMS

(Note. Use the tables at the end of this book as extensively as you wish to solve the
following problems Also, when the words “ pressure” and “temperature” are used without
additional modification, they refer to the static pressure and temperature )

3.1.

3.2.

33.

34.

3.5.

3.6.

3.7

At a given point in the high-speed flow over an airplane wing, the local Mach
number, pressure and temperature are 07, 09 atm, and 250 K, respectively
Calculate the values of p,, 7, p*, 7% and a* at this point

At a given point in a supersomic wind tunnel, the pressure and temperature are
5 x 10* N/m? and 200 K, respectively The total pressure at this point is 1 5 x 10°
N/m’ Calculate the local Mach number and total temperature

At a point in the flow over a high-speed mussile, the focal velocity and temperature
are 3000 ft/s and 500°R, respectively Calculate the Mach number M and the
characteristic Mach number M* at this point

Consider a normal shock wave in air The upstiream conditions are given by M; =},
p, =1 atm, and p, =123 kg/m’ Calculate the downstream values of p,, T3, py
MZ’ Uy, poza and 7:)2 |
Consider a Pitot static tube mounted on the nose of an experimental airplane A,
Pitot tube measures the total pressure at the tip of the probe (hence sometimes
called the Pitor pressure), and a Pitot static tube combines this with a simultaneoq?
measurement of the free-stream static pressure The Pitot and f{ree-stream static
measurements are given below for three different flight conditions Calculate the]
free-stream Mach number at which the airplane is flying for each of the three;
different conditions

(a) Pitot pressure = 122 X 105 N /m?, static pressure = 101 X 10° N/’

(b) Pitot pressure = 7222 Ib/ft?, static pressure = 2116 b /ft?

(¢) Pitot pressure = 13107 Ib /ft static pressure = 1020 1b/ft?

Consider the compression of air by means of (a) shock compression ang
(b) isentropic compression Starting from the same imtial conditions of p, and v,
plot to scale the pv diagrams for both compression processes on the same graph:
From the companson, what can you say about the effectiveness of shock versus'
isentropic compression?

Durning the entry of the Apollo space vehicle into the Earth’s atmosphere, the Maen‘

number at a given point on the trajectory was M = 38 and the atmospher
temperature was 270 K Calculate the temperature at the stagnation point of tH
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3.9

310.

311

312,

313

314,

315

3.16.
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vehicle, assuming a calorically perfect gas with y = 14 Do you think this is an
accurate cajculation? If not, why? If not, is your answer am overestimate or
underestimate?

Consider air entering a heated duct at p, = 1 atm and 7, = 288 K Ignore the eflect
of friction Calculate the amount of heat per unit mass (in joules per kilogram)
necessary to choke the flow at the exit of the duct, as well as the pressure and
temperature at the duct exit, for an inlet Mach number of

(a) M, =20 (by My =02

Air enters the combustor of a jet engine at p, = 10 atm, 7, = 1000°R, and
M, = 02 Fuel is injected and burned, with a fuel-air ratio (by mass) of 006 The
heat released during the combustion is 4 5 x 10* ft/1b per slug of fuel Assuming
one-dimensional frictionless flow with y = 1 4 for the fuel-air mixture, calculate M,,
D, and T, at the exit of the combustor

For the inlet conditions of Prob 39, calculate the maximum fuel-air ratio beyond
which the flow will be choked at the exit

At the inlet to the combustor of a supersonic combustion ramjet (SCRAMjet), the
flow Mach number is supersomc For a fuel-air ratio (by mass) of 003 and a
combustor exit temperature of 4800°R, calculate the inlet Mach number above
which the flow will be unchoked Assume one-dimensional frictionless flow with
y = 14, with the heat release per stug of fuel equal to 45 x 10* ft b

Air is flowing through a pipe of 002-m inside diameter and 40-m length The
conditions at the exit of the pipe are M, =05 p, =1 atm, and 7, = 270 K
Assuming adiabatic, one-dimensional flow, with a local friction coeflicient of 0 005,
calculate M,, p;, and 7| at the entrance to the pipe

Consider the adiabatic flow of air through a pipe of 0 2-ft inside diameter and 3-ft
length The inlet flow conditions are M, =25, p, =05 atm, and T, = 520°R
Assuming the local friction coefficient equals a constant of 0005, calculate the
following flow conditions at the exit M,, p,, 75, and p,

The stagnation chamber of a wind tunnel is connected to a high-pressure air bottle
farm which is outside the laboratory building The two are connected by a long pipe
of 4-1n inside diameter If the static pressure ratio between the bottie farm and the
stagnation chamber is 10, and the bottle-farm static pressure is 100 atm, how long
can the pipe be without choking? Assume adiabatic, subsomc, one-dimensional flow
with a friction coefficient of 0 005

Starting with Eq (3 95), derive in detaill Eq (3 96)

Consider a Mach 2 5 flow of air entering a constant-area duct Heat is added to this
flow in the duct; the amount of heat added is equal to 30 percent of the total
enthalpy at the entrance to the duct Calculate the Mach number at the exit of the
duct Comment on the fluid dynamic significance of this problem, where the exit
Mach number does not depend on a number for the actual heat added, but rather
only on the dimensionless ratio of heat added to the total enthalpy of the inflowing
gas.



CHAPTER

4

OBLIQUE
SHOCK
AND
EXPANSION
WAVES

I believe we have now arrived at the stage where knowledge of supersonic aerodynamics should
be considered by the aeronautical engineer as a necessary pre-requisite to his art.

Theodore von Karman, 1947

4.1 INTRODUCTION

The normal shock wave, as considered i Chap. 3, is a special case of a more
general family of oblique waves that occur in supersonic flow. Oblique shock
waves are Hlustrated in Figs. 3.1 and 3.2. Such oblique shocks usually occur when
supersonic flow is “turned into itself,” as shown in Fig. 4.1a. Here, an originalljj
uniform supersonic flow is bounded on one side by a surface. At point 4, the
surface is deflected upward through an angle 8. Consequently, the flow stream-
lines are deflected upward, toward the main bulk of the flow above the surface
This change in flow direction takes place across a shock wave which is oblique to
the free-stream direction. All the flow streamlines experience the same defiection
angle 6 at the shock. Hence the flow downstream of the shock is also uniform
and parallel, and follows the direction of the wall downstream of point 4. Across

the shock wave, the Mach number decreases, and the pressure, temperature, and
density mcrease.

100
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My > M,

Py <py

T, <T,

4 Py <Py

ta) Concave corner () Convex corner

FIGURE 4.1
Supersonic flow over a corner

In contrast, when supersonic flow is * turned away from itself” as illustrated
in Fig. 4.1b, an expansion wave is formed. Here, the surface is deflected
downward through an angle 8. Consequently thﬁ flow streamlines are deflected
downward, away from the main bulk of flow above the surface. This change in
flow direction takes place across an expansion w§ve, centered at point 4. Away
from the surface, this oblique expansion wave fans out, as shown in Fig 4.1b.
The flow streamlines are smoothly curved through the expansion fan until they
are all parallel to the wall behind point 4. Hence, the flow behind the expansion
wave is also uniform and parallel, in the direction of # shown in Fig. 415 In
contrast to the discontinuities across a shock wave, all flow properties through an

_expansion wave change smoothly and continuously, with the exception of the
wall streamline which changes discontinuously at Ipoint A. Across {‘he expansion
wave, the Mach number increases and the pressure, temperature, and density
decrease.

| Oblique shock and expansion waves are prevalent in two- and three-dimen-
sional supersonic flows. These waves are inherently two-dimensional in nature, in
contrast to the one-dimensional normal shock wiaves in Chap. 3. That is, the
flowfield properties are functions of x and y in Fig. 4 1. The main thrust of this
chapter is to present the properties of these two-dimensional waves.

4.2 SOURCE OF OBLIQUE WAVES

Oblique waves are created by the same physical mechanism discussed at the
beginning of Sec. 3.6—disturbances which propagate by molecular collisions at
the speed of sound, some of which eventually coalesce into shocks and others of
which spread out in the form of expansion waves. To more clearly see this
process for an oblique wave, consider a moving point source of sound distur-
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Subsonic

Supersonic
V <ua

V>a

(a) ()

FIGURE 4.2
The propagatien of disturbances in (a) subsomc and () supersonic flow

bances tn a gas, as illustrated in Fig. 4 2. For lack of a better term, let us call thrs
source a “beeper.” The beeper is continually emitting sound waves as 1t moves
through the stationary gas. Consider first the case when the beeper is moving at a:
velocity V' which is /ess than the speed of sound, as shown in Fig. 4.2a. When th,
beeper 1s at point A4, it emits a sound disturbance which propagates in .'ff
directions at the speed of sound, a After an interval of time ¢, this sound wave i)

represented by the circle of radius (at) 1 n Fig. 4 2a. However durrng this '*;:1"

This is illustrated in Fig 4.2b Again, when the beeper is at point A4, 1t emrts
sound wave After an interval of time ¢, this wave is the circle with radrus (at) ,
During the same interval of time, the beeper has moved a distance Vt to point Bj
Moreover, during its transit from A to B, the beeper has emitted several othe
sound waves, which at time ¢ are represented by the smaller circles in Fig. 425
However, in contrast to the subsonic case, the beeper is now constantly outsi

the family of circular sound waves, i.e, it is moving ahead of the wave front
because ¥ > a. Moreover, something new is happening; these wave {ronts form:g

disturbance envelope given by the straight line BC, which is tangent to the family
of circles This line of disturbances is defined as a Mach wave. In addition, thé
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angle ABC which the Mach wave makes with respect to the direction of motion
of the beeper is defined as the Mach angle, 1. The Mach angle is easily calculated
from the geometry of Fig. 425,

) at a 1
e A A

Therefore, the Mach angle is simply determined by the local Mach number as

1
= 1 *1 _— 4.
p=sint (4.1)

o !
i

IGURE 4.2¢
Vae system established by a supersonic 22 caliber bullet passing under a perforated plate The bow
hock wave on the bullet, in passing over the holes in the plate, sends out weak disturbances above

he plate which coalesce into a Mach wave above the plate This is a photographic illustration of the
Chunallc in Fig 4 2b (Photo is couriesy of Daniel Bershades, Stunford University }
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FIGURE 43
Companson between the wave angle and
the Mach angle

The propagation of weak disturbances and their coalescence into a Mach wave
are clearly seen in Fig 4.2¢. J

If the disturbance is stronger than a small beeper emitting sound waves,
such as a wedge blasting its way through a gas at supersonic speeds as shown in
Fig. 4.3, the wave front becomes stronger than a Mach wave. The strong
disturbances coalesce into an oblique shock wave at an angle 8 to the free
stream, where 8 > u. However, the physical mechanism creating the oblique
shock 1s essentially the same as that described above for the Mach wave Indeed,
a Mach wave 1s a limiting case for oblique shocks, i.e, it is an infinitely weak
oblique shock.

43 OBLIQUE SHOCK RELATIONS

The geometry of flow through an oblique shock is given in Fig. 4.4. The velocity
upstream of the shock is ¥}, and is horizontal. The corresponding Mach number
is M,. The obligue shock makes a wave angle 8 with respect to V; Behind the
shock, the flow is deflected toward the shock by the flow-deflection angle 6. The
velocity and Mach number behind the shock are ¥, and M,, respectively The
components of V, perpendicular and parallel, respectively, to the shock are
and wy; the analogous components of ¥, are u, and w,, as shown in Fig. 44
Therefore, we can consider the normal and tangential Mach numbers ahead of
the shock to be M, and M,, respectively, similarly, we have M, and M,
behind the shock.

The integral forms of the conservation equations from Chap 2 were applied
in Sec 3.2 to a specific control volume in one-dimensional flow, ultimately
resulting in the normal shock equations given in Sec. 3 6. Let us take a similar
tack here. Consider the control volume drawn between two strearhlines through
an oblique shock, as illustrated by the dashed lines at the top of Fig. 4.4. Faces ¢
and d are parallel to the shock wave. Apply the integral continuity equation (2.2)
to this control volume for a steady flow The time derivative in Eq. (2.2) is zero
The surface integral evaluated over faces @ and d of the control volume in Fi
4.4 yields —pyu A, + p,u,A,, where A4, = A, = area of faces a and d. The face
b, ¢, e, and f of the control volume are parallel to the velocity, and henc
contribute nothing to the surface integral (i.e., V « dS = 0 for these faces). Thus



OBLIQUE SHOCK AND EXPANSION waves 105

FIGURE 4.4
Oblique shock wave geometry

the continuity equation for an oblique shock wave is
Py = Pty (4.2)

The integral form of the momentum equation (2.11) is a vector equation.
Consider this equation resolved into two components, parallel and perpendicular
lo the shock wave in Fig. 4 4. Again, considering steady flow with no body forces,
the tangential component of Eq. (2.11) applied to the control surface in Fig. 4.4
yields (noting that the tangential component of pdS is zero on faces a and d,
and that the components on & cancel those on f; similarly with faces ¢ and e)

(_91“1)“’1 + (Pz“z)wz =0 (4.3)
Dividing Eq. (4.3) by (4.2), we find that
W = W

This is a striking result-—the tangential component of the flow velocity is preserved
across an oblique shock wave

Returning to Fig. 4.4, and applying the normal component of Eq. (2.11), we
find

(—py)uy + (pyuy)uy = —(=py + py)

P+ P = py + pyu5 (4.3a)
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The integral form of the energy equation is Eq. (2.20). Applied to the

control volume in Fig. 44 for a steady adiabatic flow with no body forces, it
yields

V2 V2
{ 2
—(—pyuy + pyuy) = "Pl(el + BNk + Pz(ez + 7)“2
Vi V.
or hy + B3 priy = | hy + 3 Paly (4 4)
Dividing Eq. (4 4) by (4.2),
v 125
h1+7=h2+7 (45)

However, recall from the geometry of Fig. 4.4 that V2 = u? + w? and that
w, = w,. Hence,

ViV =(uf +wl) = (ud+w)) = uf - u3
Therefore, Eq.(4.5) becomes

2 2
h uy

h1+‘2—=h2+—2“ (4.6)

Look carefully at Egs (4.2), (4.3a), and (4.6). They are identical in form to
the normal shock continuity, momentum, and energy equations (3.38) through
(3.40). Moreover, in both sets of equations, the velocities are normal to the wave
Therefore, the changes across an oblique shock wave are governed by the normal
component of the free-stream velocity. Furthermore, precisely the same algebra
as applied to the normal shock equations in Sec. 3.6, when applied to Eqs. (4.2),
(4.3a@), and (4.6), will lead to identical expressions for changes across an oblique
shock in terms of the normal component of the upstream Mach number M,
That is, for an oblique shock wave with

M, = M, sin B (4.7)
we have, for a calorically perfect gas,

(Y + 1M,

- (4.8)
o1 (Y- )M, +2

P2 2y
U M} -1 (4.9)
P Y+ 1( ' )
M2+ 2 -1
M2 = 2/(y : ) (4.10)
©[2y/(v - DM -1
T
and A f2 b1 {4.11)

I, pm,m
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Note that the Mach number behind the oblique shock, M,, can be found from
M, and the geometry of Fig 4.4 as

M

M, = sin(ﬁiﬂ)

In Sec. 3.6, we emphasized that changes across a normal shock were a
function of one quantity only—the upstream Mach number Now, from Egs.
(4.7) through (4.11), we see that changes across an oblique shock are a function of
(wo quantities—both M, and 8 We also see, in reality, normal shocks are just a
special case of oblique shocks where 8 = 7 /2.

Equation (4.12) demonstrates that M, cannot be found until the flow
deflection angle @ is obtained. However, @ is also a unique function of M, and B,
as follows. From the geometry of Fig 4.4,

(4.12)

i 413
t —_ —
nfp = (413)
Uy
ind tan(B — 0) = — (4.14)
W)
Combining Egs. (4.13) and (4.14), noting that w, = w,, we have
tan(8 — 8 u
___(_____) - _* (4.15)
tan f8 u,
Combining Eq. (4.15) with Egs. (4.2), (4.7), and (4.8), we obtain
tan(f — 8 2 + (y — 1) M2 sin?
(B=0) 2+ (= DMisip e
tan 8 (v + 1) M7sin’ B
With some trigonometric manipulation, this equation can be expressed as
i MEsin? 8 —1 ,
t = 2cot 4.1
anf = 2cotf M2(y + cos2B) + 2 (4.17)

Equation (4.17) is called the §-3-M relation, and specifies @ as a unique function
of M, and §.

This relation is vital to an analysis of oblique shocks, and results obtained
from it are plotted in Fig. 4.5 for y = 1.4. Examine thus figure closely. It is a plot
of wave angle versus deflection angle, with the Mach number as a parameter In
particular, note the following:

1. For any given M,, there is a maximum deflection angle @_, . If the physical
geometry is such that @ > @_,,, then no solution exists for a straight oblique
shock wave. Instead, the shock will be curved and detached, as sketched in
Fig. 4.6, which compares wedge and corner flow for situations where @ is less
than or greater than @_,,.
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2. For any given 8 < @__ ., there are rwo values of B8 predicted by the §-8-M
relation for a given Mach number, as sketched in Fig. 4.7. Because changes
across the shock are more severe as 8 increases [see Eqs. (4.8) and (4.9), for
example], the large value of B8 is called the sirong shock solution; in turn, the
small value of B is called the weak shock sofution. In nature, the weak shock
solution is favored, and usually occurs. For typical situations such as those
sketched in Fig. 4.7, the weak shock is the one we would normally see
However, whether the weak or strong shock solution occurs is determined by
the backpressure; in Fig. 4.7, if the downstream pressure were increased by
some independent mechanism, then the strong shock shown as the dashed line
could be forced to occur. In the strong shock solution, M, is subsonic. In the
weak shock solution, M, is supersonic except for a small region near 6, (see
Fig 4.5).

L If @ =0, then 8 = n/2 (corresponding to a normal shock) or = p (corre-
sponding to a Mach wave).

‘4, For a fixed deflection angle 6, as the free-stream Mach number decreases from
high to low supersonic values, the wave angle increases (for the weak shock
solution). Finally, there is a Mach number below which no solutions are
possible; at this Mach number, 8 = 6, For lower Mach numbers the shock
becomes detached, as sketched in Fig 4.6.

These variations are important, and should be studied carefully. It is
important to obtain a feeling for the physical behavior of oblique shocks
Considering Fig. 4.5 together with the oblique shock relations given by Egs. (4.7)
dhrough (4.12), we can see, for example, that for a fixed Mach number, as 8 is
dhcreased, B, p,, Ty, and p, increase while M, decreases. However, if § increases
%feyond 6.« the shock wave becomes detached. Alternatively, for a fixed 6, as
M! increases from unity, the shock wave is first detached, then becomes attached
when M, equals that value for which @ = 8__, (See again Fig 3.1 for the Bell
5-1 alrcraft shock patterns.) As the Mach number is increased further, the
shock remains attached, B decreases, and p,, T,, p,, and M, increase The above
comments apply to the weak shock solutions; the reader can trace through the
ﬁalogous trends for the strong shock case.

&/
:sé;’
§

£y
5, N

FIGURE 4.7
(Il Weak and strong shocks
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Example 4.1. A uniform supersomc stream with M; =30, p; =1 atm, and T, =
288 K encounters a compression corner (see Fig 4 1a) which deflects the stream by

an angle # = 20° Calculate the shock wave angle, and p,, T;, M,, p,, and T,
behind the shock wave

Solution. For the geometnical picture, refer to Fig 44 Also, from Fig 435, for
M, =3 and 8 = 20°, | B = 37.5° |. Thus

M, = M, sinB = 3sin37 5° =1 826

From Table A2, for M, =1826. p,/p, = 3723, T,/T, = 1551, M, = 06108,
and p, /p, = 08011 Hence,

P
Py = *EP1 = (3723)(1) = | 3.723 atm
P1

T,
T, = ;‘—}T1 = (1551)(288) = | 446 TK
1

M, 06108

y _
sin(8 —~ @) sinl7.5°
From Table A.l, for M, = 3: p, /py =36.73 and 7, /T, =28 Hence
Po, Po,

Po, = — —p; = (0 8011)(36 73)(1) = | 29 42 atm
pol "

M, = =203

T,
T, =T, = ?I‘TI = (28)(288) = | 806 4 K

Example 4.2. In Example 4.1, the deflection angle is increased to # = 30°. Calculate
the pressure and Mach number belind the wave, and compare these results with
those of Example 41

Solution. From the 8-8-M chart (see end pages), for M; = 3 and ¢ = 30°: 8 = 52°
Hence

M,

n

.= M, sin B = 3sin52° =2 364

From Table A 2, for M, = 2364: p,/p, = 6276 (nearest entry) and M, = 05286
Thus

= 22 p, = (6 276)(1) = | 6 276 atm
141

M, 0 5286

tg

M == ==
2 sin(B—6) sin22°

=141

Note Compare the above results with those from Example 41 When 8 is increased,
the shock wave becomes stronger, as evidenced by the increased pressure behind the
shock (6 276 atm compared to 3 723 atm) The Mach number behind the shock is
reduced (1 41 compared to 203) Also, as @ is increased, 8 also increases (52°
compared to 37 5°)



OBLIQUE SHOCK AND EXPANSION waves 111

Example 4.3. In Example 41, the free-stream Mach number is increased to 5
Calculate the pressure and Mach number behund the wave, and compare these
results with those of Example 41

Solution. From the 8-8-M chart, for M; = 5 and § = 20°* B = 30° Hence
M, = M,sin = 55in30° = 2 5
From Table A2, for M, =25. p,/p; = 7125 and M, = 0513 Thus

py = 2 p, = (7.125)(1) = | 7125 am
P

y M, 0513
" sin{B—-6) sin10°

=295

Note. Compare the above results with those from Example 41 When M, is
increased, the shock wave becomes stronger, as evidenced by the increased pressure
behind the shock (7.125 atm compared to 3 723 atm) The Mach number behind the
shock is increased (2 95 compared to 2 03). Also, as M, is increased, B is decreased
(30° compared to 37.5%)

The net results of Examples 4.1 through 43 are the following basic
variations.

1. Anything that increases the normal component of the Mach number ahead of
the shock M, increases the strength of the shock. In Example 4.2, M, was
increased by increasing the wave angle 8; in turn, the increased 8 was brought
about by increasing 6. In Example 4.3, M, was increased by increasing M,,
although the wave angle 8 decreases in this case (which works to reduce M, ),
the increased value of M, (which works to increase M, ) more than compen-
sates, and the net result is a larger M, .

2. It is a general rule that, as @ increases (holding M, constant), the shock wave
becomes stronger, and f increases.

3. It is a general rule that, as M, increases (holding @ constant), the shock wave
becomes stronger, and 8 decreases.

44 SUPERSONIC FLOW OVER WEDGES
AND CONES

The oblique shock properties discussed above represent the exact solution for the
flow over a wedge or a two-dimensional compression corner, as sketched on the
left-hand side of Fig. 4.6 The flow streamlines behind the shock are straight and
parallel to the wedge surface. The pressure on the surface of the wedge is
constant and equal to p,, as further illustrated in Fig. 4.84

Straight oblique shocks are also attached to the tip of a sharp cone in
supersonic flow, as sketched in Fig. 4.8b. The properties immediately behind this
conical shock are given by the oblique shock relations. However, because the flow
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FIGURE 4 8
Comparison between wedge and cone flow; illustration of the three-dimensional relieving eflect,

over a cone is inherently three-dimensional, the flowfield between the shock ana
cone surface is no longer uniform, as in the case of the wedge. As shown in Fig.
4.8b, the streamlines are curved, and the pressure at the cone surface p, is not the
same as p, immediately behind the shock. Moreover, the addition of a third
dimension provides the flow with extra space to move through, hence relieving
some of the obstructions set up by the presence of the body. This is called the
“three-dimensional relieving effect,” which is characteristic of all three-dimen*
sional flows. For the flow over a cone, the three-dimensional relieving effect
results in a weaker shock wave than for a wedge of the same angle. For example;
Fig. 4.8 shows that a 20° half-angle wedge creates a 53° oblique shock for
M, = 2; by comparison, the shock on a 20° half-angle cone is at a wave angle of
37°, with an attendant lower p,, p,, and T, inmediately behind the shock.
Because of these differences, the study in this book of supersonic flow over cones
will be delayed until Chap. 10.

Example 4.4, A 10° half-angle wedge is placed in a “mystery flow” of unknown
Mach number Using a Schlieren system, the shock wave angle is measured as 44°,
What 1s the free-stream Mach number?

Solution. From the 0-8-M chart, for § = 10° and B = 44°, we have

M, =18

Note This techmque has actually been used in some experiments for the
measurement of Mach number However, it is usually more accurate and efficient to
use a Pitot tube to measure Mach number, as described in Example 3 6

Example 4.5. Consider a 15° half-angle wedge at zero angle of attack. Calculate the
pressure coefficient on the wedge surface in a Mach 3 flow of arr.
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Solution. The pressure coefficient is defined as
P~ Px
oo

C, =

where p_ is the free-stream pressure and ¢, is the free-stream dynamic pressure,
defined by q., = 1p, V2 For a caloncally perfect gas, ¢., can also be expressed in
terms of p,, and M_ as follows:

1yp Yo Vo Y
=1 VZ o0 V2 == _.Eo_ ;.2 — M2
qoc 2 P o0 2 _pr p <0 2 ai) zpoo =]

Thus, the pressure coefficient can be written as

c Pl 2 (P
Py 2-ﬁyM2 }J_—
> Peo Mo, 0\ Foo

In terms of the nomenclature being used in this chapter, where the free-stream
properties in front of the shock are denoted by a subscript 1, then C, is wnitten as

2
6= | 2 -1
YM{\ py
For M, = 3 and # = 15°, we have from the #-8-M diagram B = 322° Hence
M, = M;sinf8 = 3sin32.2 = 1.6
From Table A2, for M, = 16: pz/pl = 282 Thus

(282 —1) = | 0289

C
e 4)(3)

Note: For this example, we can deduce that C, is stnctly a function of y and M,

Example 4.6. Consider a 15° half-angle wedge at zero angle of attack in a Mach 3
flow of air. Calculate the drag coefficient Assume that the pressure exerted over the
base of the wedge, the base pressure, is equal 10 the free-stream pressure

Solution. The physical picture is sketched in Fig 4 9 The drag is the net force in the
x direction, p, is exerted perpendicular to the top and bottom faces, and p, is
exerted over the base. The chord length of the wedge is ¢. Consider a unit span of
the wedge, ie., a length of umty perpendicular to the xy plane The drag per unit
span, denoted by D', is

- of 00

. Slsopz]smIS" — (2ctan15°) p,
0

By definition, the drag coefficient is

il

D
Cy S

where § is the planform area (the projected area seen by viewing the wedge from the
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FIGURE 4.9
Geometry for Example 4 6
top) Thus, § = (¢)(1) Hence
DI
Cp= —
€
From Example 4.5, we saw that
Y Y
qoo = EpooMoi = EPIMIZ
Thus
2D
Cy =~ T
g YP1M12(C)(1)
2 [0
or = in15° — (2ctan15°
‘T ymMie| cosise 72¥ (2e )P
4 ( Jtan1s ! (‘p2 1): 15
= P, — p)tanls® = -= — 1jtan15®
oM YMi\ p,

From Example 4.5, which deals with the same wedge at the same flow conditions
we have p,/p; = 282 Thus

g = (282 - 1)tan15° = | 0155

4
(14)(3)*

An alternate solution to this problem can be developed using the pressurc
coefficient given in Example 4.5. The drag coefficient for an aerodynamic body is
given by the integral of the pressure coefficient over the surface, as shown in Sec 1 ¢
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of Ref. 104. To be specific, from Ref 104 we have
1

Here, the integral is taken over the surface from the leading edge {LE) to the traling
edge (TE), and C, and C,, are the pressure coefficients over the upper and lower
surfaces, respectlvely In this problem, due to the symmetry, clearly C, = C, On
the upper surface,

d dyd 15°) d
by = — x = (tan 15°) dx

On the lower surface (because y decreases as x increases),

dy
dy = w(;,;) dx = —tan15°dx

Thus
1 < ° < °
= fonu(tan15 ) dx — foc,,,(»tams ) dx

Since tan15° = 0 2679, then
0 268

From Example 4.5, C, = C, = 0289 Thus

O 155

= 1 0155

This is the same answer as obtained from the first method descnibed above.

Nore. The only information given in this problem was the body shape,
free-streamm Mach number, and the fact that we are dealing with air (hence we know
that y = 1 4) To calculate the drag coefficient for a given body shape, we only need
M, and y. This is consistent with the results of dimensional analysis (see Chap. 1 of
Ref 104) that the drag coefficient for a compressible inviscid flow is a function of
Mach number and y only, ¢, does not depend on the size of the body (denoted by
¢), the free-stream density, pressure, or velocity It depends only on the Mach
number and y Thus

cg = f(M,v)

This relation is verified by the results of this example Also, the drag in this problem
is due to the pressure distribution only, since we are dealing with an inviscid flow,
shear stress due to friction is not included The drag in this problem is therefore a
type of “pressure drag”; it is frequently identified as wave drag, and hence ¢,
calculated here is the wave drag coefficient

45 SHOCK POLAR

Graphical explanations go a long way towards the understanding of supersonic
flow with shock waves. One such graphical representation of oblique shock
' properties is given by the shock polar, described below.



116 MODERN COMPRESSIBLE FLOW

y

Lt it

FIGURE 4.10
The physical (xy) plane

Consider an oblique shock with a given upstream velocity V| and deflection
angle #,, as sketched in Fig. 4.10. Also, consider an xy cartesian coordinate
system with the x axis in the direction of V,. Figure 4.10 is called the physical
plane Define V., V., V, . and V, as the x and y components of velocity ahead
of and behind the shock respecuvely Now plot these velocities on a graph which
uses V, and V, as axes, as shown in Fig. 4.11. This graph of velocity components
is called the hodograph plane. The line OA represents V; ahead of the shock; the
line OB represents V, behind the shock. In turn, point A4 in the hodograph plane
of Fig. 4.11 represents the entire flowfield of region 1 in the physical plane of Fig
4.10. Similarly, point B in the hodograph plane represents the entire flowfield of
region 2 in the physical plane. If now the deflection angle in Fig. 410 is increased
to a larger value, say 8., then the velocity ¥, is inclined further to angle 8., and
its magnitude is decreased because the shock wave becomes stronger. This
condition is shown as point C in the hodograph diagram of Fig. 4.12. Indeed, if

FIGURE 4 11
2 The hodograph plane



OBLIQUE SHOCK AND EXPANSION WavEs 117

b5 vy A FIGURE 4.12
'\ Shock polar for a given V;

the deflection angle # in Fig. 4.9 is carried through all possible values for which
there is an oblique shock solution (# < 6,,,.), then the locus of all possible
velocities behind the shock is given in Fig. 4.12. This locus is defined as a shock
polar. Points A, B, and C in Figs. 4.11 and 4.12 are just three points on the
shock polar for a given V.

For convenience, let us now nondimensionalize the velocities in Fig. 4.12 by
a*, defined in Sec. 3.4. Recall that the flow across a shock is adiabatic, hence a*
is the same ahead of and behind the shock Consequently, we obtain a shock
polar which is the locus of all possible M} values for a given M, as sketched in
Fig. 4.13. The convenience of using M* instead of M or V' to plot the shock polar
is that, as M — oo, M* — 2.45 (see Sec. 3.5). Hence, the shock polars for a wide
range of Mach numbers fit compactly on the same page when plotted in terms of
M*. Also note that a circle with radius M* = 1 defines the sonic circle shown in
Fig. 4.13. Inside this circle, all velocities are subsonic; outside it, all velocities are
supersonic.

Ty
a*

FIGURE 4.13
1. Geometric constructions using the
o shock polar
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as

Several important properties of the shock polar are illustrated in Fig. 4.13
follows:

For a given deflection angle 8, the shock polar is cut at two points B and D
Points B and D represent the weak and strong shock solutions, respectively
Note that D is inside the sonic circle, as would be expected.

The line OC drawn tangent to the shock polar represents the maximum
deflection angle 6, for the given .#} (hence also for the given M,). For
6 > 8_,.. there is no oblique shock solution

Points £ and A represent flow with no deflection. Point £ is the normal
shock solution; point A corresponds to a Mach line.

If a line is drawn through A4 and B, and line OH is drawn perpendicular to
AB, then the angle HOA is the wave angle 8 corresponding to the shock
solution at point B. This can be proved by simple geometric argument,
recalling that the tangential component of velocity is preserved across the
shock wave. Try it yourself.

The shock polars for different Mach numbers form a family of curves, as
drawn in Fig. 4.14, Note that the shock polar for M = 245(M, — «) is a
circle,

The analytic equation for the shock polar (V,/a* versus V, /a*) can be

obtained from the oblique shock equations given in Sec. 4.3. The derivation is
given in such classic texts as those by Ferri (Ref. 5) or Shapiro (Ref. 16). The

FIGURE 4.14
Shock polars for different Mach numbers
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result is given here for reference.

v\t (Mg = Ve (Ve ) My -]
( ) 2 *)2 Vs M* +1
Y—;—I(Ml) - (a—*) ;

(4.18)

46 REGULAR REFLECTION FROM A SOLID
BOUNDARY

Constder an oblique shock wave incident on a solid wall, as sketched in Fig. 4.15.
Question. Does the shock wave disappear at the wall, or is it reflected down-
stream? If it is reflected, at what angle and what strength? The answer lies in the
physical boundary condition at the wall, where the flow immediately adjacent to
the wall must be parallel to the wall. In Fig. 4.15, the flow in region 1 with Mach
number M, is deflected through an angle # at point A. This creates an oblique
shock wave which impinges on the upper wall at point B. In region 2 behind this
incident shock, the streamlines are inclined at an angle 8 to the upper wall. All
flow conditions in region 2 are uniquely defined by M, and # through the oblique
shock relations discussed in Sec. 4.5. At point B, in order for the flow to remain
tangent to the upper wall, the streamlines in region 2 must be deflected down-
ward through the angle # This can only be done by a second shock wave,
originating at B, with sufficient strength to turn the flow through an angle 8, with
an upstream Mach number of M, This second shock is called a reflected shock;,
its strength is uniquely defined by M, and 8, yielding the consequent properties
in region 3 Because M, < M,, the reflected shock wave is weaker than the
incident shock, and the angle ® it makes with the upper wall is nor equal to B,
(i.e., the reflected shock wave 1s not specularly reflected)

FIGURE 4.15
Regular reflection from a solid boundary
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Example 4.7. Consider a horizontal supersonic flow at Mach 28 with a static
pressure and temperature of 1 atm and 519°R, respectively This flow passes over a
compression corner with a deflection angle of 16° The oblique shock generated at
the corner propagates into the flow, and is incident on a horizontal wall, as shown in
Fig 415 Calculate the angle ® made by the reflected shock wave with respect to

the wall, and the Mach number, pressure, and temperature behind the reflected
shock

Solution. The flowfield is as shown in Fig 4 15. From the 8-8-M diagram, B, = 35°,
M, = M, sinf; =2 8sin35° =106

From Table A2, for M, =1606: p,/p, = 282, T,/T; = 1388, and M, = 06684.
Hence

M M., 0 cos4 2 053
27 sin(B, —0)  sin(35 - 16)
From the 6-B8-M diagram, for M = 2.053 and § = 16°- 8, = 45.5° The component
of the Mach number ahead of the reflected shock normal to the shock is M, ,
given by

M, = M,sinf, = 2053sin45 5° =146

From Table A2, for M,, = 146: py/p, =232, T,/T, = 1294, and M, = 0.7157,
where M, is the component of the Mach number behind the reflected shock normal
to the shock The Mach number in region 3 behind the reflected shock is given by

” M, 0.7157 >
37 sin(B, ~#)  sin(455-16) |
Also
Py = 7 E%pl = (2.32)(2.82)(1 atm) = | 6.54 atm
P Py
LT
T, = — —T, = (1 294)(1 388)(519) = | 932°R
T, T

O=f,—0=455—16=|295°

Note. The incident shock makes the angle 35° with respect to the upper wall; e,
reflected shock wave lies closer to the wall, at an angle of 29.5° Clearly, the shock’
wave is not specularly reflected

4.7 PRESSURE-DEFLECTION DIAGRAMS

The shock wave reflection discussed in Sec. 4.6 is just one example of a wave
interaction process—in the above case it was an interaction between the wave
and a solid boundary. There are other types of interaction processes involving
shock and expansion waves, and solid and free boundaries. To understand some
of these interactions, it is convenient to introduce the pressure-deflection dia-
gram, which is nothing more than the locus of all possible static pressures behind
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Left-running wave Right running wave

FIGURE 4.16
Pressure-deflection diagram for a given M,

an oblique shock wave as a function of deflection angle for given upstream
conditions. Consider Fig. 4.16, which at the top shows oblique shock waves of
two different orientations. The top left shows a left-running wave—so called
because, when standing at a point on the wave and looking downstream, you see
the wave running off towards your left. The flow deflection angle 6, is upward,
and is considered positive. In contrast, the top right shows a right-running wave;
since an oblique shock wave always deflects the flow toward the wave, the
deflection angle 6, is downward and is considered negative. The static pressure
ahead of the wave, where § = 0, is p,; the static pressure behind the left-running
wave, where # = §,, is p,. These two conditions are illustrated by points 1 and 2,
respectively, on a plot of pressure versus deﬂectlon at the bottom of Fig. 4.16
For the right-running wave, if 8, and 8, are equal in absolute magnitude (but
different in sign), the pressure in region 2’ will also be p,. This condition is given
by point 2’ on Fig. 4.16. When # ranges over all possible values |8] < 8_,, for an
oblique shock solution, the locus of all possible pressures (for the given M, and
py) 1s given by the pressure-deflection diagram, sketched in Fig. 4.16. The
right-hand lobe of this figure corresponds to posﬂ:lve 8, the left-hand lobe to
negative 4.

The shock reflection process of Sec. 4.6 1s sketched in terms of pressure-
deflection ( p#) diagrams in Fig. 4.17. A p# diagram is first drawn for M, where
point 1 corresponds to the pressure in region 1 of Fig. 4.15. Conditions in region
2 are given by point 2 on the p# diagram. At this point, a new pressure-deflection
diagram is drawn for a free-stream Mach number equal to M,. The vertex of this
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)

For Ml

FIGURE 4.17
The reflected shock process on a pressure
deflection diagram

p@ diagram is at point 2 because the “free stream” of region 2 is already bent
upward by the angle 8. Since the flow in region 3 must have § = O, then we move
along the left-hand lobe of this second p# diagram until § = 0 This defines
point 3 in Fig 4.17, which yields the conditions behind the reflected shock.
Hence, in Fig. 4.17, we move from point 1 to point 2 across the incident shock,
and then from point 2 to point 3 across the reflected shock.

4.8 INTERSECTION OF SHOCKS OF
OPPOSITE FAMILIES

Consider the intersection of left- and right-running shocks as sketched in Fig
4.18. The left- and right-running shocks are labeled A and B, respectively. Both
are incident shocks, and correspond to deflections #, and 8, respectively. These
shocks continue as the refracted shocks C and D downstream of the intersection
at point E. Assume 8, > ;. Then shock 4 is stronger than B, and a streamline
going through the shock system 4 and C experiences a different entropy change
than the streamline going through the shock system B and D. Therefore, the
entropy in regions 4 and 4’ is different. Consequently, the dividing streamline EF
between these two regions is a line across which the entropy changes discontinu-
ously. Such a line is defined as a slip line. However, on a physical basis, the
following conditions must hold across the slip line in Fig. 4.18:

1. The pressure must be the same, p, = p,, Otherwise, the slip line would be
curved, inconsistent with the geometry of Fig 4.18.

2. The velocities in regions 4 and 4’ must be in the same direction, although they
in general differ in magnitude. If the velocities were in different directions,
there would be the chance of a complete void in the flowfield in the vicmity of
the slip line—an untenable physical situation.
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FIGURE 4.18
Intersection of shocks of opposite families

These two conditions, along with the known properties in region 1 as well
as the known 8, and 8,, completely determine the shock interaction in Fig. 4.18.
Also, note that the temperature and density, as well as the entropy and velocity
magnitude, are different in regions 4 and 4'.

Pressure-deflection diagrams are particularly useful in visualizing the solu-
tion of this shock interaction process. The p# diagram corresponding to M, is
drawn as the solid curve in Fig. 4.19. Point 1 denotes conditions in region 1,
ahead of the shocks. In region 2 of Fig. 4.18, the flow is deflected through the
angle 8,. Therefore, point 2 on the p@ diagram is located by moving along the
curve until @ = 6,. At point 2, a new p# diagram corresponding to M, is drawn,
as shown by the dashed curve to the right in Fig. 4.19. Note that the pressure in
region 4’ must lie on this curve. Similarly, point 3 is located by moving along the
solid curve until 8, is reached; remember that this deflection is downward, hence
we must move in the negative 8 direction. Point 3 corresponds to region 3 in Fig.
4.18. At point 3, a new p@ diagram corresponding to M, is drawn, as shown by
the dashed curve to the left in Fig. 4.19. The pressure in region 4 must lie on this
curve. Because p; = p,, the point corresponding to regions 4 and 4’ in Fig. 4.19 is
the intersection of the two dashed p@ diagrams. This point defines the flow
direction (hence slip line direction) in regions 4 and 4', namely the angle @ in
Figs. 4.18 and 4.19. In turn, the flow deflections across the refracted shocks D
and C are determuned: 6, = ® — 0, and 8§, = 0, — ®. With these deflections,
and with the Mach numbers in regions 3 and 2, respectively, the strengths of the
refracted shocks D and C are now determined,

Note from Fig. 4.18 that, if 8, = 6,, the intersecting shocks would be of
equal strength, the flow pattern would be completely symmetrical, and there
would be no slip line.



124 MODERN COMPRESSIBLE FLOW

FIGURE 4.19
Pressure-deflection diagrams for the shock intersection picture given in Fig 417.

49 INTERSECTION OF SHOCKS OF THE
SAME FAMILY

Consider the compression corner sketched in Fig. 4.20, where the supersonic flow
in region 1 is deflected through an angle @, with the consequent oblique shock
wave emanating from point B. Now consider a Mach wave generated at point A
ahead of the shock. Will this Mach wave interest the shock, or will it simply

diverge, i.e., is p, greater than or less than B? To find out, consider Eq. (4.7),
which written in terms of velocities is

u, = Vysin

FIGURE 4.20
Mach waves ahead of and behind a
shock wave
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u

Hence sinf = — (4.19)
Vi
In addition, from Eq. (4.1),
a
sin pt; = T/’lﬁ (4 20)
1

We have already proven that, for a shock to exist, the normal component of the
flow velocity ahead of the shock wave must be supersonic. Thus, u; > a,;
consequently, from Egs. (4.19) and (4.20), B8 > p,. Therefore, referring to Fig
4.20, the Mach wave at 4 must intersect the shock wave, as shown.

Now consider a Mach wave generated at point C behind the shock From
Eq (4.12)

u, = Vysin(B — 8)’
u
Hence sin(f — 8) = — (4.21)
Vs

In addition, from Eq. (4 1),

. a;

sin g, v, (4.22)
We have already proven that the normal component of the flow velocity behind a
shock wave is subsonic Thus, u, < a,; consequently, from Eqgs (4.21) and (4.22),
B — & < p,. Therefore, referring to Fig. 4.20, the Mach wave at C must intersect
the shock wave, as shown.

It is now not difficult to extrapolate to the case of two left-running oblique
shock waves generated at corners 4 and B in Fig. 4.21. Because shock wave BC
must be inclined at a steeper angle than a Mach wave in region 2, and we have
already shown that a left-running Mach wave will intersect a left-running shock,
then it is obvious that shock waves 4C and BC will intersect as shown in Fig.
421 Above the point of intersection C, a single shock CD will propagate.

Now consider a streamline passing through regions 1, 2, and 3 as sketched
in Fig. 4.21. The pressure and flow direction in region 3 are p, and #,,
respectively, and are determuned by the upstream conditions in region 1, as well
as the deflection angles 8, and @,, properties in region 3 are processed by the dual
shocks AC and BC. On the other hand, consider a streamline passing through
regions 1 and 5. The pressure and flow direction in region 5 are ps; and 8,
respectively, Properties in region 5 are processed by the single shock CD.
Therefore, the entropy change across this single shock will be different than
across the two shocks, and hence a slip line must exist downstream, originating at
the intersection point C. As discussed in Sec 48, the pressures and flow
directions across the slip line must be the same. If no other wave existed in the
system, this would require p, = p, and f; = 8, simultaneously However, it is
generally not possible to find a single shock CD that will give simultaneously the
same pressure and flow deflection as two intermediate shocks AC and BC, with
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FIGURE 4.21
Intersection of shocks of the same family

both systems starting from the same upstream conditions in region 1 Therefore,
nature removes this problem by creating a weak reflected wave from the intersec-
tion point C. Depending on the upstream conditions and @, and 4,, this reflected
wave CE may be a weak shock or expansion wave. Its purpose is to process the
flow in region 4 such that p, = p; and 8, = @, simultaneously, thus satisfying the
necessary physical conditions across a slip line. The flowfield can be solved
numerically by iteratively adjusting waves CD and CE such that the above
conditions between regions 4 and 5 are obtained.

4.10 MACH REFLECTION

Return again to the shock wave reflection from a solid wall as discussed in Sec.
4.6 and as sketched in Fig. 4.15. The governing condition is that the flow must be
deflected through the angle 6 from regions 2 to 3 by the reflected shock so that
the streamlines are parallel to the upper wall. In the discussion of Sec. 4.6, this
value of 6 was assumed to be less than 6_,, for M,, and hence a solution was
allowed for a straight, attached reflected shock. Consider the 8-8-M curves for
both M, and M,, as sketched in Fig. 4.22. In Sec. 4.6, it was assumed that § was
to the left of 8., for M, in Fig. 4.22. However, what happens when (8, for
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8 max Grnax 8 Maumum deflection angle for two different
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M,) <8 < (8, for M))? This situation is illustrated in Fig. 4.22. For
the incident shock with an upstream Mach number of M,, # <#6,,, and
hence the incident shock is an allowable straight oblique shock solution. This
straight incident shock is sketched in Fig. 4.23 On the other hand, when the flow
in region 2 at Mach number M, wants to again deflect through the angle # via
the reflected shock, it finds that & > 6_,, for M,, and a regular reflection is not
ossible. Instead, a normal shock is formed at the upper wall to allow the
streamlines to continue parallel to the wall. Away from the wall, this normal
hock transits into a curved shock which intersects the incident shock, with a
urved reflected shock propagating downstream. This shock pattern is sketched in
“ig. 4.23 and is labeled a Mach reflection in contrast to the regular reflection
liscussed in Sec. 4.6. The Mach reflection is characterized by large regions of
ubsonic flow behind the normal or near normal shocks, and its analysis must be

arried out by the more sophisticated numerical techniques to be discussed in
“haps. 11 and 12.

LLLLLL S L AL A S L el LA AL S L A

g FIGURE 4 23
T Mach reflection
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4.11 DETACHED SHOCK WAVE IN FRONT
OF A BLUNT BODY

Consider the supersonic flow over a blunt-nosed body as illustrated in Fig. 4.24.
A strong curved bow shock wave is created in front of this body, with the shock
detached from the nose by a distance 8. At point a, the upstream flow is normal
to the wave; hence point a corresponds to a normal shock wave. Away from the
centerline, the shock wave becomes curved and weaker, eventually evolving into a
Mach wave at large distances from the body (illustrated by point e in Fig. 4.24).

Moreover, between points a and e, the curved shock goes through all
possible conditions allowed for obligue shocks for an upstream Mach number of
M, To see this more clearly, consider the #-B8-M; curve sketched in Fig. 4.25. At
point a, a normal shock exists. Slightly above the centerline at point b in Fig
4.24, the shock is obligue but pertains to the strong-shock solution in Fig. 4.25
Further along the shock, point ¢ is the dividing point between strong and weak
solutions; the streamline through point ¢ experiences the maximum deflection,
0. Slightly above point ¢ in Fig. 4.24, at point ¢’, the flow becomes sonic
behind the shock. From points a to ¢’, the flow behind the shock is subsonic.

Uniform free stream

FIGURE 4.24
Flow over a supersonic blunt body
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FIGURE 4.25
8-8-M diagram for the sketch in Fig
e 4723

Above point ¢’ the flow is supersonic behind the shock. Hence, the flowfield
between the blunt body and its curved bow shock is a mixed subsonic—-supersonic
flow, and the imaginary dividing curve between these two regions (where M = 1)
is denoted as the sonic line, as shown in Fig. 4.24.

The shape of the detached shock wave, its detachment distance &, and the
complete flowfield (with curved streamlines) between the shock and the body
depend on M, and the size and shape of the body. The solution of this flowfield
is not trivial. Indeed, the supersonic blunt body problem was a major focus for
supersonic aerodynamucists during the 1950s and 1960s spurred by the need to
understand the high-speed flow over blunt-nosed missiles and reentry bodies. The
atuation in 1957 was precisely described in the classic text by Liepmann and
Roshko (Ref 9), where, in their discussion of blunt body fiows, they categorically
state that “the shock shape and detachment distance cannot, at present, be
theoretically predicted.” Indeed, it was not until a decade later that truly
sufficient numerical techniques became available for satisfactory engineering
solutions of supersonic blunt body flows. These modern techniques are discussed
at length in Chap. 12.

412 THREE-DIMENSIONAL SHOCK
WAVES

In treating oblique shock waves in this chapter, two-dimensional (plane) flow has
been assumed. However, many practical supersonic flow problems are three-
dimensional, with correspondingly curved shock waves extending in three-dimen-
sional space. The shock wave around a supersonic axisymmetric blunt body at
angle of attack is one such example, as sketched in Fig. 4 26. For such three-
dimensional shock waves, the two-dimensional theory of the present chapter is
still appropriate for calculating properties immediately behind the shock surface
at some local point. For example, consider an elemental area dS around point 4
on the curved shock surface shown in Fig. 4.26. Let n be the unit normal vector
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FIGURE 4.26
Three-dimensional shock surface

at A. The component of the upstream Mach number normal to the shock is then

M, = (M) n (423)

With the Mach number component normal to the three-dimensional shock wave
obtained from Eq. (4.23), values of p,, p,, T), h,, and M, can be calculated
immediately behind the shock at point A4 from the shock wave relations given mn
Eqs. (4.8) through (4.11). We again emphasize that these results hold just
immediately behind the shock surface at the local point 4. Further downstream
the flowfield experiences a complex nonuniform variation which must be ana-
lyzed by appropriate three-dimensional techniques beyond the scope of this
chapter. Such matters are discussed in Chap. 13.

4.13 PRANDTL-MEYER EXPANSION
WAVES

When a supersonic flow is turned away from itself as discussed in Sec. 4.1, an
expansion wave is formed as sketched in Fig. 4 1b. This is directly opposite to the
situation when the flow is turned into itself, with the consequent shock wave as
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sketched in Fig. 4.1a. Expansion waves are the antithesis of shock waves To
appreciate this more fully, some qualitative aspects of flow through an expansion
wave are iteruzed as follows (referring to Fig 4.1b)

1. M, > M,. An expansion corner is a means to increase the flow Mach number

2 py/p <1, py/p, <1, T,/T, < 1. The pressure, density, and temperature
decrease through an expansion wave.

3. The expansion fan itself is a continuous expansion region, composed of an
infinite number of Mach waves, bounded upstream by p,; and downstream by
1, (see Fig. 4.27), where p, = arcsin(1/M,) and u, = arcsin(1/M,).

4. Streamlines through an expansion wave are smooth curved lines

5. Since the expansion takes place through a continuous succession of Mach
waves, and ds = 0 for each Mach wave, the expansion is isentropic

An expansion wave emanating from a sharp convex corner such as sketched
in Figs. 4.1b and 4.27 is called a centered expansion fan. Moreover, because
Prandtl in 1907, followed by Meyer in 1908, first worked out the theory for such
a supersonic flow, it is denoted as a Prandtl-Meyer expansion wave.

The quantitative problem of a Prandtl-Meyer expansion wave can be stated
as follows (referring to Fig. 4.27): For a given M,, p,, T}, and #,, calculate M,,
P2, and T,. The analysis can be started by considering the infinitesimal changes
across a very weak wave (essentially a Mach wave) produced by an infinitesimally
small flow deflection, d#, as illustrated in Fig. 4 28 From the law of sines,

V+dv sin(7 /2 + p)

(4.24)

Vv  sin{m/2 — p - df)

FIGURE 4.27
Prandtl-Meyer expansion
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FIGURE 4.28

Geometric construction for the infimitesimal changes across a Mach wave; for use in the derivation of
the Prandtl-Meyer function Note that the change in velocity across the wave is normal to the wave

However, from trigonometric identities,
m qm
sin(— + p.) = s1n(— - p) = COS jt (4.25)
2 2
m
sin(z o dﬂ) = cos(pu + d8) = cos wcos df — sin psin 46 (4.26)

Substitute Eqs. (4.25) and (4.26) into (4.24):
av Cos 1t :

1+ — = — 4.
v cos u cos df — sin p sin 46 ( 7)

For small 46, we can make the small-angle assumptions sin d8 = df an
cos d@ = 1. Then, Eq. (4.27) becomes

: dV COS it 1
+— = =
V cosp — dfsing 1 - dftanp

(4.28)

Recalling the series expansion (for x < 1),
1

=1+x+x2+x>+ -
1~ x

Eq. (4.28) can be expanded as (ignoring terms of second and higher order)

dV
1+7=1+d3tanp+--- (4.284
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Thus, from Eq. (4.28a),

df = sy (4.29)
tan u
However, from Eq. (4.1),
] 1
@ = sin Y;
which can be written as
1
tan p = —;4—-2—“-—1— (4 30)
Substitute Eq. (4.30) into (4 29)
dv
df = yM? -1 W (4.31)

Equation (4.31) is the governing differential equation for Prandtl-Meyer flow.
Note the following aspects of it:

1. It is an approximate equation for a finite d#, but becomes a true equality as
dg — 0.

2, It was derived strictly on the basis of geometry, where the only real physics is
that associated with the definition of a Mach wave. Hence, it is a general

relation which holds for perfect gases, chemically reacting gases, and real
gases.

3. It treats an infinitesimally small expansion angle, 48 To analyze the entire
Prandtl-Meyer expansion in Fig. 4.27, Eq. (4.31) must be integrated over the
complete angle 4,. Integrating Eq. (4.31) from regions 1 to 2,

6, M, dv
dg = M?—-1— 4.32
fa. 6 fM V (4.32)

The integral on the right-hand side can be evaluated after dV/V is obtained in
terms of M, as follows. From the definition of Mach number,

V = Ma
Hence InV=InM+Ina (4 33)
Differentiating Eq. (4 33),
dv dM  da (4.34)
—_—= e — .
V M a

Specializing to a calorically perfect gas, the adiabatic energy equation can be
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written from Eq. (3.28) as

a\* T -1
(___0) — __G_ i 1 + Y M2
a T 2
or, solving for a,
-1 -1/2
a= 00(1 + ! 5 Mz) (4.35)
Differentiating Eq. (4.35),
da Y e T ) 4.36)
—_— e — + .
e e e &
Substituting Eq. (4.36) into (4.34), we obtain
dv 1 dM
— = (4.37)
4 y-1 M

1+ M?

Equation (4.37) is the desired relation for d¥/V in terms of M; substitute it into
Eq. (4.32)

M, VM?—-1 dM

62
df =6, — 0 = ~ (4.38)
% 2 fM‘ 1 Il M
In Eq. (4.38), the integral
(M) = | M1 M (4.39)
Vv =
— 1 .
1+ Y M? M

is called the Prandtl-Meyer function, and is given the symbol ». Performing the
integration, Eq. (4.39) becomes

]/ tan” ]/ (M2—1 —tan"'YM? -1 | (4.40)

The constant of integration that would ordinarily appear in Eq (4.40) is not
important, because it drops out when Eq (4.40) is substituted into (4.38). For
convenience, it is chosen as zero such that (M) = 0 when M = 1. Finally, we
can now write Eq (4.38), combined with (4 39), as

0, = v(M,) — v(M,) (4 41)
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where »( M) is given by Eq. (4 40) for a calorically perfect gas. The Prandtl-Meyer
{unction [Eq. (4.40)] is tabulated as a function of M in Table A5 for v = 1.4,
along with values of the Mach angle p, for convenience.

Returning again to Fig. 4.27, Eqgs. (4.41) and (4.40) allow the calculation of
a Prandtl-Meyer expansion wave, as follows:

1. Obtain »(M,) from Table A.5 for the given M.

2. Calculate »(M,) from Eq. (4.41) using the given ¢, and »(M,) obtained in
step 1.

3. Obtain M, from Table A.5 corresponding to the value of v(M,) from step 2.

4. Recognizing that the expansion is isentropic, and hence that 7, and p, are
constant through the wave, Eqs. (3.28) and (3.30) yield

y-1
£=1+——~——~2 M;
T. Yy~ 1
SR
y—1 27/(7—1)
1+ —— M
Py
and — = Y~ 1
p
2 1+~2—M12

Example 4.8. A un:form supersonic stream with M, = 15, p, = 1700 b /ft?, and
T, = 460°R encounters an expansion corner {see Fig. 4.27) which deflects the
stream by an angle 8, = 20° Calculate M,, p,, T3, p,, T, , and the angles the
forward and rearward Mach lines make with respect to the upsiteam flow direction.

Solution. From Table A5, for M, =15 », = 1191° and p; = 41 81° So
v =1, +8 =119 + 20 =3191°
From Table A §, for », = 31 91°:

M,=12207| and u, = 2695°

From Table A1, for M; =15

Far

—

Po,
F 41

= 3.671 and =145

-

From Table A1, for M, = 2207

Po, T,
—=2 =108l and — =1974
P T

The flow through an expansion wave is isentropic, hence p, = p, and 7, =

o oy
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Thus,

P2 Py, P -
py= = T2 5 = (10.81) T (1)(3 671)(1700) = | 577 3 b /Ae?

poz P01 2y
%?EEEW—UWQHMMS%W—BW%

T, T, h 0 =37
po; 2
Po, = Po, = ?Pl = (3 671)(1700) = | 6241 Ib/ft
1

To
T, =T, = =T = (145)(460) = | 667°R

1

Returning to Fig 4 27:

Angle of forward Mach line = g, = { 41 81°

Angle of rearward Mach hne = pu, — 8, = 26 95 — 20 = | 6.95°

Example 4.9. Consider the arrangement shown in Fig 429 A 15° half-angle
diamond wedge airfoil is in a supersonic flow at zero angle of attack A Pitot tube is
inserted into the flow at the location shown in Fig 429 The pressure measured by
the Pitot tube is 2 596 atm At point a on the backface, the pressure is 0.1 atm
Calculate the free-stream Mach number M,

Solution. There will be a normal shock wave in front of the face of the Pitot tube

immersed in region 3 in Fig 4.29 Let the region immediately behind this normal
shock be denoted as region 4. The Pitot tube senses the total pressure in region 4,

Pitot tube

FIGURE 4.29
Geometry for Example 4 9
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ie, p, The pressure at point g is the static pressure in region 3 Thus

2 596
&4=-—A=2596
J 2 01

From Table A2, for p, /p; = 2596. M; = 445 From Table A5, for M; = 4.45,
we have »; = 71 27° From Eq (4 41)

v, =vy — 0 =7127 - 30 =4127°
From Table A5, for v, = 4127° M, =26 In region 2, we have
M, = M,sin(B — 8) =2 6sin( 8 ~ 15°) (a)
In this equation, both M, and B are unknown We must solve by trial and etror, as
follows
Assume M, =4 Then B =27°, M, = M,sinfi = 4sin27° = 1 816 Hence,
from Table A2, M, = 0612 Putting these results into Eq (a) above,
0616 =26sin12° = 054
This does not check
Assume M, = 45, Then B = 255°, M, =45 sin25 5° = 1.937 Hence, from
Table A2, M, = 0.588 Putting these results into Eq (a),
0 588 = 2 6sin10.5° = 0.47

Thus does not check We are going in the wrong direction
Assume M, =35 Then f=1292° M, =35sn292° =171 Hence, from
Table A 2, M, = 0638 Putting these results into Eq. (a),

0638 =26sinld 2° = 0638
Thus checks Thus

M, =35

414 SHOCK-EXPANSION THEORY

The shock and expansion waves discussed in this chapter allow the exact
calculation of the aerodynamic force on many types of two-dimensional super-
sonic airfoils made up of straight-line segments. For example, consider the
symmetrical diamond-shaped airfoil at zero angle of attack in Fig 4.30. The
supersonic flow is first compressed and deflected through the angle ¢ by an
oblique shock wave at the leading edge At mudchord, the flow is expanded
through an angle 2¢ by the expansion wave. At the traijing edge, the flow is again
deflected through the angle & by another oblique shock; this deflection is
necessary to make the low downstream of the airfoil parallel to the free-stream
direction due to symmetry conditions. Hence, the surface pressure on segments a
and ¢ are found from oblique shock theory, and on segments & and d from
Prandtl-Meyer expansion theory

At zero angle of attack, the only aerodynamic force on the diamond airfoil
will be drag; the lift is zero because the pressure distributions on the top and
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FIGURE 4.30
Symmetrical diamond-wedge airfoil

bottom surfaces are the same. From Eq. (1.47), the pressure drag is

D = x component of [“ﬁp dS]

In terms of scalar quantities, and referring to Fig. 4.30, the surface integral yields
for the drag per unit span

t
D =2(p,lsine — p,/sine) = 2 p, - p3)-2—
Hence,

D= (p,— p3)t (4.42)

It is a well-known aerodynamic result that two-dimensional inviscid flow
over a wing of infinite span at subsonic velocity gives zero drag—a theoretical
result given the name d’Alembert’s paradox. (The paradox is removed by
accounting for the effects of friction). In contrast, for supersonic inviscid flow
over an infinite wing, Eq. (4 42) clearly demonstrates that the drag per unit span
is finite. This new source of drag encountered when the flow is supersonic is
called wave drag, and is inherently related to the loss of total pressure and
increase of entropy across the oblique shock waves created by the airfoil.

Example 4.10. Consider an infinutely thin flat plate at a 5° angle of attack in a Mach
2 6 free stream Calculate the Lift and drag coefficients

Solution. From Table A5, for M, = 26 », = 4141° Thus, from Eq (4 41)
v, =p +a=4141 + 5 = 46 41°
From Table AS, for v, = 4641°. M, = 285 From Table A1, for M, =26
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Po/P1 ™ 19.95. From Table A 1, for M, = 285 p, /p, = 2929 Hence
1
2oL o (1)(1995) = 0.681
PL Poy Py P 2929
From the 8-3-M diagram, for M; = 26 and § = « = 5° B = 26.5° Thus
M"l = M;sinf8 =2 6sin265° =116

From Table A.2, for M, = 1.16. p;/p, = 1403, From Fig 431, the It per unit
span L’ is

L'=(p;—p,)ccosa
The drag per unit span D’ is

D' = (p, — p;)csina
Recalling that ¢, = (y/2) p, M, we have

o i,(& _ !;)
f 4 < YM12 P P
= ——————(1.403 - 0 681)cos5° = | 0.152
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FIGURE 431

Geometry for Example 4 10.
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4.15 HISTORICAL NOTE: PRANDTL’S
EARLY RESEARCH ON SUPERSONIC
FLOWS AND THE ORIGIN OF THE
PRANDTL-MEYER THEORY

The small German city of Gottingen nestles on the Leine Ruver, which winds its
way through lush countryside once part of the great Saxon empire. Gottingen
was chartered in 1211, and quickly became a powerful member of the mercan-
tilistic Hanseatic League in the fourteenth century. The wall around the town,
many narrow cobblestone streets, and numerous medieval half-timbered houses
survive to this day as remunders of Géttingen’s early origin. However, this quaint
appearance belies the fact that Gottingen is the home of one of the most famous
universities in Europe—the Georgia Augusta University founded in 1737 by
King George 11 of England (the Hanover family that ruled England during the
eighteenth century was of German origin) The university, simply known as
“Gottingen” throughout the world, has been the home of many giants of science
and mathematics—Gauss, Weber, Riemann, Planck, Hilbert, Born, Lorentz,
Runge, Nernst, and Heisenberg, among others.

One such man, equal in stature to those above, was Ludwig Prandtl Born
in Friesing, Germany, on February 4, 1875, Prandtl became a professor of
applied mechanics at Géttingen in 1904, In that same year, at the Congress of
Mathematicians in Heidelberg, Prandtl introduced his concept of the boundary
layer—an approach that was to revolutionize theoretical fluid mechanics in
the twentieth century. Later, during the period from 1912 to 1919, he evolved
a theoretical approach for calculating lift and induced drag on finile
wings— Prandtl’s lifting line and lifting surface theories. This work established
Prandtl as the leading fluid dynamicist of modern times; he has clearly been
accepted as the father of aerodynamics Although no Nobel Prize has ever been
awarded to a fluid dynamicist, Prandtl probably came closest to deserving such
an accolade. (See Sec. 9 10 for a more complete biographical sketch of Prandtl)

It is not recognized by many students that Prandtl also made major
contributions to the theory and understanding of compressible flow. However, in
1905, he built a small Mach 1.5 supersonic nozzle for the purpose of studying
steam turbine flows and (of all things) the movement of sawdust in sawmills. For
the next 3 years, he was curious about the flow patterns associated with such
supersonic nozzles; Fig 4.32 shows some stunning photographs made in Prandtl’s
laboratory during this period which clearly illustrate a progression of expansion
and oblique shock waves emanating from the exit of a supersonic nozzle. (Using
nomenclature to be introduced in Chap. 5, the flow progresses from an “underex-
panded” nozzle at the top of Fig. 432 to an “overexpanded” nozzle at the
bottom of the figure. At the top of the figure, we see expansion waves, at the
bottom are shock waves followed by expansion waves.) The dramatic aspect of
these photographs is that Prandtl was learning about supersonic flow at the same
time that the Wright brothers were just introducing practical powered airplane
flight to the world, with maximum velocities no larger than 40 mi/h!
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FIGURE 432

Schlieren photographs of wave patterns downstream of the exit of a
supersonic nozzle The photographs were obtained by Prandtl and
Meyer during 1907-1908

|

The observation of such shock and expansion waves naturally prompted
Prandtl to explore their theoretical properties. Consequently, Theodor Meyer,
one of Prandtl’s students at Gottingen, presented his doctoral dissertation in
1908 entitled “Ueber Zweidimensionale Bewegungsvorginge in einem Gas, das
nit Ueberschallgeschwindigkeit Stromt” (“On the Two-Dimensional Flow Pro-
cesses in a Gas Flowing at Supersonic Velocities”) In this dissertation, Meyer
piesents the first practical theoretical development of the relations for both
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expansion waves and oblique shock waves—essentially the same theory as
developed in this chapter He begins by first defining a Mach wave and Mach
angle as given by Eq (4.1). Then, starting with geometry similar to that shown i
Fig. 427, he derives the Prandtl-Meyer function [see Eq.(4.40) in Sec 4.13] and
tabulates it, not versus Mach number, but rather as a function of p/p, (It s
interesting to note that the term “Mach number” had not yet been coined, it was
introduced by Jakob Ackeret 20 years later in honor of Ernst Mach, an Austrian
scientist and philosopher who studied high-speed flow for a brief period in the
1870s. So Mach number is of fairly recent use.) In the same dissertation, Meyer
follows these fundamental results with a companion study of oblique shock
waves, deriving relations gimilar to those discussed in this chapter, and presenting
limited shock wave tables of wave angle, deflection angle, and pressure ratio
Almost without fanfare, Meyer ends his paper with a spectacular photograph of
internal flow within a supersonic nozzle, reproduced here as Fig. 4.33. The walls
of the nozzle have been intentionally roughened so that weak waves—essentially
Mach waves—will be visible in the schlieren photograph The reader should
marvel over such a picture being taken in 1908; it has the appearance of coming
from a modern supersonic laboratory in the 1990s.

FIGURE 4.33
Mach waves in a supersonic nozzle The waves are generated by rougheming the nozzle wall An

original photograph from Meyer's Ph D dissertation, 1908
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We emphasize that Prandtl’s and Meyer’s work on expansion and oblique
shock waves was contemporary with the normal shock studies of Rayleigh and
Taylor in 1910 (see Sec. 3.10). So once again we are remunded of the value of
basic research on problems that appear purely academic at the time. The true
practical value of Meyer’s dissertation did not come to fruition until the advent
of supersonic flight in the 1940s.

Throughout subsequent decades, Prandtl maintained his interest in high-
speed compressible flow; for example, his work on compressibility corrections for
subsonic flow in the 1920s will be discussed in Sec. 9.9. Moreover, many of his
students went on to distinguish themselves in high-speed flow research, most
notably Theodore von Karman and Adolf Busemann. But this is the essence of
other stories, to be bold in later sections

416 SUMMARY

Whenever a supersonic flow is turned into itself, shock waves can occur; when
the flow is turned away from itself, expansion waves can occur. In either case, if
the wave 1s infinitely weak, it becomes a Mach wave, which makes an angle p

with respect to the upstream flow direction; p is called the Mach angle,
defined as

1

= sin~! — 4.1

B o (4.1)
Across an oblique shock wave, the tangential components of velocity in
ront of and behind the wave are equal (However, the tangential components of
Mach number are not the same.) The thermodynamic properties across the
E)lique shock are dictated by the normal component of the upstream Mach
1un.lber M, . The values of p,/p,, p,/py, T, /Ty, 5, — 5, and p, /p, across the
blique shock are the same as for a normal shock wave with an upstream Mach
jumber of M, In ths fashion, the normal shock tables in Appendix A.2 can be

1sed for oblique shocks. The value of M, depends on both M, and the wave
ingle, 8, via

M, = M, sinf (47)

turn, # is related to M, and the flow deflection angle @ through the 6-8-M
Elation

MPsin* B — 1
MEy + cos2B) + 2

tand = 2 cot B (417)

1 light of the above, we can make the following comparison (1) In Chapter 3,
e noted that the changes across a normal shock depended only on one flow
_arameter, namely the upstreamm Mach number M, (2) In the present chapter, we
note that rwo flow parameters are needed to uniquely define the changes across
an oblique shock. Any combination of two parameters will do For example, an
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oblique shock is uniquely defined by any one of the following pairs of parame-
ters: M; and 8, M, and 8, § and 8, M, and p,/p,, B and p,/p, elc.

For the solution of shock wave problems, especially cases involving shock
intersections and reflections, the graphical constructions associated with the
shock polar and the pressure-deflection diagrams are instructional.

For the curved, detached bow shock wave in front of a supersonic blunt
body, the properties at any point immediately behind the shock are given by the
oblique shock relations studied in this chapter, for the values of M, and the local
B. Indeed, the oblique shock relations studied here apply in general to points
immediately behind any curved, three-dimensional shock wave, so long as the
component of the upstream Mach number normal to the shock at a given point is
used to obtain the shock properties.

The properties through and behind a Prandtl-Meyer expansion fan are
dictated by the differential relation

dv

df = YM* -1 —- (4.31)

When integrated across the wave, this equation becomes
8, = v(M,) — v(M,) (4.41)

where @, is assumed to be zero and v is the Prandtl-Meyer function given by

+ 1 -1
v(M) = ! tan~! -Y—-"—(M;l — 1) —tan"'VYM? -1 (4.40}
y—1 Y+ 1

The flow through an expansion wave is isentropic; from the local Mach numbe
obtained from the above relations, all other flow properties are given by (!
1isentropic flow relations discussed in Section 3.5

PROBLEMS

4.1. Consider an oblique shock wave with a wave angle equal to 35°. Upstream of the
wave, p, = 2000 1b/ft?, T, = 520°R, and ¥, = 3355 ft/s Calculate p,, T, V5, and
the flow deflection angle

4.2. Consider a wedge with a half-angle of 10° flying at Mach 2. Calculate the ratio of
total pressures across the shock wave emanating from the leading edge of the wedge

4.3. Calculate the maximum surface pressure (in newtons per square meter) that can b
achieved on the forward face of a wedge flying at Mach 3 at standard sea level
conditions (p, = 101 X 10° N/m?) with an attached shock wave.

4.4. In the flow past a compression corner, the upstream Mach number and pressure aic
35 and 1 atm, respectively Downstream of the cornér, the pressure is 548 atm
Calculate the deflection angle of the corner

4.5. Consider a 20° half-angle wedge in a supersonic flow at Mach 3 at standard sea levcl

conditions ( p, = 2116 1b/ft* and 7, = 519°R) Calculate the wave angle, and tlc
surface pressure, temperature, and Mach number



4.6.

4.7.

438.

4.9.

10,

4.11.

412,

4.13.

414,

1.15.

1 16.

417,
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A supersonic stream at M; = 3.6 flows past a compression corner with a deflection
angle of 20° The incident shock wave is reflected from an opposite wall which is
parallel to the upstream supersonic flow, as sketched in Fig 4.14 Calculate the angle
of the reflected shock relative to the straight wall

An incident shock wave with wave angle = 30° impinges on a straight wall If the
upstream flow properties are M; = 28, p; = 1 atm, and T; = 300 K, calculate the

pressure, temperature, Mach number, and total pressure downstream of the reflected
wave

Consider a streamline with the properties M, = 40 and p, = 1 atm Consider also
the following two different shock structures encountered by such a stieamline. (a) a
single normal shock wave, and (b) an oblique shock with 8 = 40°, followed by a
normal shock Calculate and compare the total pressure behind the shock structure
of each (a) and (b) above From this comparison, can you deduce a general
principle concerning the efficiency of a single normal shock in relation to an oblique
shock plus normal shock in decelerating a supersonuc flow to subsonic speeds (which,
for example, is the purpose of an inlet of a conventional jet engine)?

Consider the intersection of two shocks of opposite families, as sketched in Fig 418
For M; = 3, p, =1 atm, §, = 20°, and #, = 15°, calculate the pressure in regions 4
and 4, and the flow direction ®, behind the refracted shocks.

Consider the flow past a 30° expansion corner, as sketched in Fig 4.27 The
upstream conditions are M, =2, p, =3 atm, and T} = 400 K Calculate the
following downstream conditions® M,, p,, T3, T,,, and p,,

For a given Prandtl-Meyer expansion, the upstream Mach number is 3 and the
pressure ratio across the wave is p,/p, = 0 4. Calculate the angles of the forward
and rearward Mach lines of the expansion fan relative to the free-stream direction
Consider a supersonic flow with an upstream Mach number of 4 and pressure of 1
atm This flow is first expanded around an expansion corner with § = 15°, and then
compressed through a compression corner with equal angle § = 15° so that it is

returned to its original upstream direction Calculate the Mach number and pressure
downstream of the compression corner

Consider the incident and reflected shock waves as sketched in Fig 4.14 Show by
means of sketches how you would use shock polars to solve for the reflected wave
properties

Consider a supersonic flow past a compression corner with § = 20° The upstream
properties are M; = 3 and p, = 2116 lb/ft> A Pitot tube is inserted in the flow
downstream of the corner Calculate the value of pressure measured by the Pitot
tube

Can shock polars be used to solve the intersection of shocks of opposite families, as
sketched in Fig 4 187 Explain

Using shock-expansion theory, calculate the hft and drag (in pounds) on a symmetn-
cal diamond airfoil of semiangle ¢ = 15° (see Fig. 4 30) at an angle of attack to the
free stream of 5° when the upstream Mach number and pressure are 20 and 2116
Ib/ft?, respectively The maximum thickness of the airfoil is 1 = 05 ft Assume a
unit length of 1 ft in the span direction (perpendicular to the page in Fig 4 30)

Consider a fiat plate with a chord length (from leading to trathng edge) of 1 m. The
free-stream flow properties are M, =3, py =1 atm, and 7, = 270 K Using
shock-expansion theory, tabulate and plot on graph paper the following properties



146

4.18.

4.19.
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as functions of angle of attack from 0 to 30° (use increments of 5°):

(a) Pressure on the top surface

(b) Pressure on the bottom surface

(c¢) Temperature on the top surface

(d) Temperature on the bottom surface

(e) Lift per unit span

(f) Drag per unit span

(g) Lift /drag ratio

(Note. The results from this problem will be used for comparison with linear
supersonic theory in Chap 9)

A flat plate is immersed in a Mach 2 flow at standard sea level conditions at an angle
of attack of 2° Assuming the same shear stress distribution given in Example 1.7,
calculate, per umt span (a) hft, (b) wave drag, and (c) skun friction drag What
percentage of the total drag is skin-friction drag? Compare this percentage with the
10° angle of attack case discussed in Example 17

Calculate the drag coefficient for a wedge with a 20° half-angle at Mach 4 Assume
the base pressure is free-stream pressure



CHAPTER

d

QUASI-ONE-DIMENSIONAL
FLOW

The whole problem of aerodynamics, both subsonic and supersonic, may be summed up in one
sentence: Aercdynamics is the science of slowing-down the air without loss, after it has once
been accelerated by any device, such as a wing or a wind tunnel It is thus good aerodynamic
practice to avoid accelerating the air more than is necessary.

W F Hilton, 1951

51 INTRODUCTION

The distinction between one-dimensional flow and quasi-one-dimensional flow
was discussed in Sec. 3.1, which should be reviewed by the reader before
proceeding further. In Sec. 3.1, as throughout all of Chap. 3, one-dimensional
flow was treated as strictly constant-area flow In the present chapter, this
testriction will be relaxed by allowing the streamtube area 4 to vary with
distance x, as shown in Fig. 3.4b. At the same time, we will continue to assume
that all flow properties are uniform across any given cross section of the flow, and
hence are functions of x only (and time ¢ if the flow is unsteady) Such a flow,
where 4 = A(x), p = p(x), p=p(x), and V = u = u(x) for steady flow, is
defined as quasi-one-dimensional flow. In Sec 5.2, the governing equations for
-.cady quasi-one-dimenstonal flow will be derived by applying our conservation
crinciples to a control volume of variable area. In the process, the reader is
wtioned that quasi-one-dimensional flow is an approximation—the flow in the
artable-area sireamtube shown in Fig 3.4b 1s (strictly speaking) three-dimen-
sional, and its exact solution must be carried out by methods such as those

147
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discussed in Chaps. 11 and 12. However, for a wide variety of engineering
problems, such as the study of flow through wind tunnels and rocket engines,
quast-one-dimensional results are frequently sufficient. Indeed, the material de-
veloped in this chapter 1s used virtually daily by practicing gas dynamucists and

aerodynamicists, and is indispensable toward a full understanding of compress-
ible flow.

52 GOVERNING EQUATIONS

Algebraic equations for steady quasi-one-dimensional flow can be obtained by
applying the integral form of the conservation equations to the variable-area
control volume sketched in Fig. 5.1. For example, the continuity equation (2.2),
repeated here for convenience,

—;ﬁpv-ds=%g;ﬁpd%”

when integrated over the control volume in Fig. 5.1 leads, for steady flow,
directly to

Pt Ay = pyliy 4, (5.1)

This is the continuity equation for steady quasi-one-dimensional flow. Note that,
in Eq. (5.1) the term plulAl is the surface integral over the cross section at
location 1, and p,u, 4, is the surface integral over the cross section at location 2
The surface integral taken over the side of the control surface between location i
and 2 is zero, because the control surface is a streamtube; hence V is assumed
oriented along the surface, and hence V - dS = 0 along the side.

Control surface §

|

|
| | ty
Py : Py
—— Control volume V —l
T b}
A, 43

! FIGURE 5.1
@ Finite control volume for quasi-one-dimensional flow
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The integral form of the momentum equation, repeated from Eq. (2.11), 1s

gﬁS(pv dS)V + Stjfﬁ (p ) ay= ffpo1 ar— dppas

Applied to Fig. 5.1, assuming steady flow and no body forces, it directly becomes

y
prAy + pyuid, + L pdA = pA; + puzd, (5.2)
1

This is the momentum equation for steady quast-one-dimensional flow. Note that
it 15 not strictly an algebraic equation because of the integral term which

represents the pressure force on the sides of the control surface between locations
1 and 2.

The integral form of the energy equation, repeated from Eq. (2.20), is

fWpaoar— v -as+ ffpott-vyar
¥ 5 v

2
= @sﬂp 4

e+ —
| v

2
tAppIied to Fig. 5.1, and assuming steady adiabatic flow with no body forces, it
idirectly yields

VZ

e+—-—)V'dS
2

}dV—F p
s

2 2
Uy Uy
“‘("Pl“lAl + paiyA,) = Pl(el + 5 )(*““1141) + Pz(ez + 5 )“2A2

Rearranging,
uj 2
pundy + oAy e + 5 = patady + pau Ayl ey + 5 (5.3)
Divide Eq. (5.3) by (5.1):
2 2
21 ! P Uy
— 4o+ — = e, + = 5.4
o S LY oF 277 (5.4)
Noting that # = e + p/p, Eq. (5.4) becomes
ui 5
h+“'2—‘“h2+—2— (55)

This is the energy equation for steady adiabatic quasi-one-dimensional flow—it
states that the total enthalpy is constant along the flow:

h, = const (5.6)
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Note that Egs (5.5) and (5.6) are identical to the adiabatic one-dimensional
energy equatton derived in Chap. 3 [see Eq. (3.40)] Indeed, this is a general
result; in any adiabatic steady flow, the total enthalpy is constant along a
streamline—a result that will be proven in Chap. 6 Also note that Egs. (5.1) and
(5.2), when applied to the special case where 4, = A,, reduce to the correspond-
ing one-dumenstonal results expressed in Egs. (3.2) and (3.5).

In Chap. 6, the general conservation laws will be expressed in differential
rather than integral or algebraic forms, as done so far. As a precursor to ths,
differential expressions for the steady quasi-one-dimensional continuity, momen-
tum, and energy equations will be of use to us now. For example, from Eq. (5.1),

puAd = const
Hence,

d(pud) =0 (57)

To obtain a differential form of the momentum equation, apply Eq. (5.2) to
the infinitestmal control volume sketched in Fig. 5.2, where the length in the >
direction 1s dx-

pA + pud + pdd = (p + dp)(A + dA) + (p + dp)(u + du)*(4 + dA)
Dropping all second-order terms involving products of differentials, this become:
Adp + Au* dp + pu* dd + 2pud du = 0 (58
Expanding Eq. (5.7), and multiplying by u,
pu*dA + puddu + Autdp =0
Subtracting this equation from Eq. (5 8), we obtain

dp = —pudu (5.9

J

Equation (5.9) is called Euler’s equation, to be discussed in Sec. 6.4. Finally,’
differential form of the energy equation is obtained from Eq. (5.5) which state:
that

2

L u
4 — = const
2

I / p+dp

A A+ dA
i w + e

P K p+dp
FIGURE 5.2

Incrementat volume.
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Hence,

dh + udu=20 (5.10)

53 AREA-VELOCITY RELATION

A wealth of physical information regarding quasi-one-dimensional flow can be
obtained from a particular combination of the above differential forms of the
onservation equations, as follows. From Eq. (5.7),

dp du dA
o u A
lo eliminate dp/p from the above, consider Eq. (5 9):
d dp dp
F_x®_ —udu (5.12)
p o dpop

tecall that we are considering adiabatic, inviscid flow, i.e., there are no dissipa-
wve mechanisms such as friction, thermal conduction, or diffusion acting on the
ow Thus, the flow is isentropic. Hence, any change in pressure, dp, in the flow

i accompanied by a corresponding isentropic change in density, dp. Therefore,
'e can write

dp dp 5
— == = 5.13
dp (39)3 ’ 1)

ombining Egs. (5.12) and (5.13),

d
2 =
o
dp udu u’ du du
— == - —— = ~M?— (5.14)
0 a au u

wubstituting Eq. (5.14) into Eq. (5.11),

-%—} = (M?- 1)d—: (5.15)

lquation (5.15) 1s an important result. It is called the area-velocity relation, and it
tells us the following information

i. For M — 0, which in the limit corresponds to incompressible flow, Eq. (5.15)

shows that Au = const. This is the familiar continuity equation for incom-
pressible flow.

5L For 0 < M <1 (subsonic flow), an increase in velocity (positive du) is
associated with a decrease in area (negative dA), and vice versa. Therefore, the
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- M <1 tr decreasing

i increasing u decreasing

M>1 >  FIGURE 5.3

‘ W Flow in converging and diverging
ducts

famuliar result from incompressible flow that the velocity increases in a,
converging duct and decreases in a diverging duct still holds true for subsontc
compressible flow (see top of Fig. 5.3).

3. For M > 1 (supersonic ﬂow) an increase in velocily is associated with an
increase 1n area, and vice versa. Hence, we have a striking difference in;
comparison to subsonic flow. For supersonic flow, the velocity increases in #
diverging duct and decreases in a converging duct (see bottom of Fig 5.3).

4. For M =1 (sonic flow), Eq. (5.15) yields d4/4 = 0, which mathematically
corresponds to a minimum or maximum in the area distributton The mini-
mum in area is the only physically realistic solution, as described below

The above results clearly show that for a gas to expand isentropically fron
subsonic to supersonic speeds, it must flow through a convergent- dlvergent duc
(or streamtube), as sketched at the top of Fig 5.4. Moreover, at the mlmmun
area that divides the convergent and divergent sections of the duct, we knov
from item 4 above that the fiow must be sonic This minimum area is called
throat. Conversely, for a gas to compress isentropically from supersonic i

M <] ————ee MZ>1

Flow in a convergent-divergent duct
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Combustion M>1
chamber M<l Exhaust nozzle
A
4
&

'FIGURE 5.5
Schematic of a rocket engine

subsonic speeds, it must also flow through a convergent-divergent duct, with a
throat where sonic flow occurs, as sketched at the bottom of Fig. 5.4.

From the above discussion, we recognize why rocket engines have large,
bell-like nozzle shapes as sketched in Fig. 5.5-—to expand the exhaust gases to
high-velocity, supersonic speeds. Moreover, we can infer the configuration of a
supersonic wind tunnel, whnch is designed to first expand a stagnant gas to
supersonic speeds for aerodynamic testing, and then compress the supersonic
stream back to a low-speed subsonic flow before exhausting it to the atmosphere.
This general configuration is illustrated in Fig. 5.6. Stagnant gas is taken from a
eservoir and expanded to high subsonic velocities in the convergent portion of
he nozzle. At the minimum area (the first throat), sonic flow is achieved.
Downstream of the throat, the flow goes supersonic in the divergent portion of
the nozzle At the end of the nozzle, designed to achieve a specified Mach
nhmber the supersonic flow enters the test section, where a test model or other
qxperimental device is usually situated. Downstream of the test section, the

Ist throat 2d throat

M>1
p=p, M <1 —_— M=
T=T Flow

M':o—\i/ ~—_ l S

T T _— T

B Reservoir [_ de Laval kL_ Test |4 Diffuser

[ nozzle l section ‘—*

iGURE 5.6
hematic of 2 supersonic wind tunnel
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supersonic flow enters a diffuser, where it is slowed down in a convergent duct to
sonic flow at the second throat, and then further slowed to low subsonic speeds in
a divergent duct, finally being exhausted to the atmosphere. This discussion,
along with Fig. 56, is a simplistic view of real supersonic wind tunnels, but it
serves to illustrate the basic phenomena as revealed by the area-velocity relation
Eq. (5.15). Also note that a convergent-divergent nozzle is sometimes called a
de Laval (or Laval) nozzle, after Carl G. P. de Laval, who first used such a
configuration in his steam turbines in the late nineteenth century, as described in
Secs. 1.1 and 5.8.

The derivation of Eq. (5.15) utilized only the basic conservation equations
—no assumption as to the type of gas was made. Hence, Eq. (5.15) is a general
relation which holds for real gases and chemucally reacting gases, as well as for a

perfect gas—as long as the flow is isentropic. We will visit this matter again in
Chap. 17. |

54 ISENTROPIC FLOW OF A
CALORICALLY PERFECT GAS THROUGH
VARIABLE-AREA DUCTS

The analysis of flow through variable-area ducts in a general sense requires
numerical solutions such as those to be discussed in Chap. 17. However, based of
our experience obtained in Chaps. 3 and 4, we suspect (correctly) that we can
obtain closed-form results for the case of a calorically perfect gas. ‘

For example, consider the duct shown in Fig. 5 7. At the throat, the flow is
sonic. Hence, denoting conditions at sonic speed by an asterisk, we have, at the
throat, M* = 1 and u* = a*. The area of the throat is A*. At any other section
of the duct, the local area, Mach number, and velocity are A, M, and u,
respectively Apply Eq. (5.1) between these two locations:

p*u*A* = pud (5.16)
i
|
|
|
I
|
1 |
| l
|
|
i
[ |
|
A *
M*=1
u* =a*
jy FIGURE 5.7
u Geometry for derivation of the area Mach number reltion
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Since u* = a*, Eq. (5§ 16) becomes
A p* a* p* p a*
— = — = ——— (517)
A p u  p, pou

where p, is the stagnation density defined in Sec 3.4, and is constant throughout
the isentropic flow. Repeating Eq (3.31),

o, -1 L/A(y=1)
—_ = (1 + ‘—Y‘?M‘z)

and apply this to sonic conditions, we have

o, y + 1)1/
ol ) (5.18)
Also, by definition, and from Eq (3.37),
+1
u \? . p) M*
(.(;,) = M*? = o (5.19)
1+ -'—2'_1\/12

Squaring Eq (5.17), and substituting Eqs (3.31), (5.18), and (5.19), we have

HRRIRIE]

vy—1

Rt 7 A\ y—1 1v-0] 1T+ 5 M?

—| = 1+ M?

A* y+1 2 +1

M
2

A V2 1 o) | y—1 ) (r+1/(v—1

—-—| = — + —M ' 20
(A*) M* |y + 1( 2 ) (5.20)

IEquation (5 20) is called the area Mach number relation, and it contains a striking
result Turned inside out, Eq (5.20) tells us that M = f(A4/A*), ie., the Mach
inumber at any location in the duct is a function of the rario of the local duct area
Ei'o the sonic throat area. As seen from Eq (5.15), A must be greater than or at
least equal to A*, the case where A < A* is physically not possible in an
tsentropic flow. Also, from Eq. (5.20) there are two values of M winch corre-
spond to a glven A/A* > 1, a subsonic and a supersonic value. The solution of
TEq (5.20) is plotted in Flg 5.8, which clearly delineates the subsonic and
Fupcrsomc branches. Values of 4 /4* as a function of M are tabulated in Table
A.1 for both subsonic and supersonic flow. For a given A /A*, whether subsonic
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or supersonic flow exists depends on the boundary conditions, as described
below.

Consider a given convergent-divergent nozzle, as sketched in Fig. 59
Assume that the area ratio at the inlet 4,/4* is very large, A4,/A* — oo, and thal
the inlet is fed with gas from a large reservoir at pressure and temperature p, and
T, respectively. Because of the large inlet area ratio, M = 0; hence p, and T, ar¢
essentially stagnation (or total) values Furthermore, assume that the given
convergent-divergent nozzle expands the flow isentropically to supersonic speeds
at the exit. For the given nozzle, there is only one possible isentropic solution for
supersonic flow, and Eq. (5.20) is the key to this solution. In the convergent
portion of the nozzle, the subsonic flow is accelerated, with the subsonic value of
M dictated by the local value of 4 /A4* as given by the lower branch of Fig 58
The consequent variation of Mach number with distance x along the nozzle is
sketched in Fig 5 9b. At the throat, where the throat area 4, = A*, M = 1.1In the
divergent portion of the nozzle, the flow expands supersonically, with the
supersonic value of M dictated by the local value of 4/A4* as given by the upper
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branch of Fig 5.8. This variation of M with x in the divergent nozzle is also
sketched in Fig. 5.9b. Once the variation of Mach number through the nozzle is
known, the variations of static temperature, pressure, and density follow from
Eqs (3.28), (3.30), and (3.31), respectively. The resulting variations of p and T
are shown in Fig. 5 9c and d, respectively. Note that the pressure, density, and
temperature decrease continuously throughout the nozzle. Also note that the exit
pressure, density, and temperature ratios, p,/p,, p,/p, and T,/T, depend only
on the exit area ratio, 4,/4* via Eq (5.20) If the nozzle is part of a supersonic
wind tunnel, then the test section conditions are completely determined by 4,/4*
(a geometrical design condition) and p, and T, (gas properties in the reservoir)

If a convergent-divergent nozzle is simply placed on a table, and nothing
else is done, obviously nothing is going to happen; the air is not going to start
rushing through the nozzle of its own record. To accelerate a gas, a pressure
difference must be exerted, as clearly stated by Euler’s equation, Eq. (59)
Therefore, in order to establish a flow through any duct, the exit pressure must be
lower than the inlet pressure, i.e., p,/p, < 1. Indeed, for completely shockfiee
isentropic supersonic flow to exist in the nozzle of Fig. 594, the exit pressure
ratio must be precisely the value of p,/p, shown in Fig. 5.9¢.

What happens when p,/p, is not the precise value as dictated by Fig. 5 9¢”
In other words, what happens when the backpressure downstream of the nozzle
exit is independently governed (say by exhausting into an infinite reservoir with
controllable pressure)? Consider a convergent-divergent nozzle as sketched in
Fig. 5.10a. Assume that no flow exists in the nozzle, hence p, = p,. Now assume
that p, is minutely reduced below p,. This small pressure difference will cause a
small wind to blow through the duct at low subsonic speeds. The local Mach
number will increase shghtly through the convergent portion of the nozzle,
reaching a maximum at the throat, as shown by curve 1 of Fig. 510s. This
maximum will not be sonic; indeed it will be a low subsonic value. Keep in mind
that the value A* defined earlier is the sonic throat area, i.e., that area where
M = 1. In the case we are now considering, where M < 1 at the minimum-area
section of the duct, the real throat area of the duct, 4,, is larger than A4*, which
for completely subsonic flow takes on the character of a reference quantity
different from the actual geometric throat area Downstream of the throat, the
subsonic flow encounters a diverging duct, and hence M decreases as shown in
Fig. 5.106. The corresponding variation of static pressure is given by curve 1 in
Fig. 5.10c. Now assume p, is further reduced. This stronger pressure ratio
between the inlet and exit will now accelerate the flow more, and the variations of
subsonic Mach number and static pressure through the duct will be larger, as
indicated by curve 2 in Fig. 5.10b and c. If p, is further reduced, there will be
some value of p, at which the flow will just barely go sonic at the throat, as given
by the curve 3 in Fig. 5.10b and c. In this case, 4, = A*. Note that all the cases
sketched in Fig. 5.104 and c¢ are subsonic flows. Hence, for subsonic flow through
the convergent-divergent nozzle shown in Fig. 5.104, there are an infinite number
of isentropic solutions, where both p,/p, and A /A, are the controlling factors for
the local flow properties at any given section. Thus is a direct contrast with the
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LURE 5.10
bsonic flow in a convergent-divergent nozzle

y persomc case discussed earlier, where only one isentropic solution exists for a
en duct, and where A4 /A* becomes the only controlling factor for the local
GW properties (relative to reservoir properties).

{ For the cases shown in Fig 5 10qa, b, and c, the mass flow through the duct
icreases as p, decreases. This mass flow can be calculated by evaluating Eq.
(5.1) at the throat, 1 = p,A,u,. When p, is reduced to Pe,, Where sonic flow is

o=
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attained at the throat, then # = p*4*a*. If p, is now reduced further, p, < p,,
the Mach number at the throat cannot increase beyond M = 1; this is dictated
by Eq. (5.15). Hence, the flow properties at the throat, and indeed throughout the
entire subsonic section of the duct, become “frozen” when p, < p,, ie., the
subsonic flow becomes unaffected and the mass flow remains constant for
Pe < p.,-'This condition, after sonic flow is attained at the throat, is called choked
flow. No matter how low p, is made, after the flow becomes choked, the mass
flow remains constant. This phenomenon is illustrated in Fig. 5.11. Note from
Eq. (3.35) that sonic flow at the throat corresponds to a pressure ratio p*/p, =
0.528 for y = 1.4; however, because of the divergent duct downstream of the
throat, the value of p, /p, required to attain sonic flow at the throat is largel
than 0.528, as shown in Figs. 5 10c¢ and 5.11.

What happens in the duct when p, is reduced below p,? In the convergent
portion, as we stated above, nothing happens. The flow properties remain as
given by the subsonic portion of curve 3 in Fig. 5.10b and c¢. However, a lot
happens in the divergent portion of the duct. No isentropic solution is allowed in
the divergent duct until p, is adequately reduced to the specified low value
dictated by Fig. 5.9c. For values of exit pressure above this, but below p, . a
normal shock wave exists inside the divergent duct. This situation is sketched
Fig. 5.12. Let the exit pressure be given by P., There is a region of supersonic
flow ahead of the shock. Behind the shock, the flow is subsonic, hence the Mach
number decreases towards the exit and the static pressure increases to p, at the
exit. The location of the normal shock wave in the duct is determined by the
requirement that the increase of static pressure across the wave plus that
in the divergent portion of the subsonic flow behind the shock be just right tg
achieve p, at the exit As the exit pressure is reduced further, the normal shoc
wave will move downstream, closer to the nozzle exit. It will stand precisely }
the exit when p, = p, , where p,_is the static pressure behind a normal shock 4
the design Mach number of the nozzle. This is illustrated in Fig. 5.13a, b, and ¢
In Fig. 5.13¢, p, represents the proper isentropic value for the design exit Mach
number. When the downstream backpressure pj is further decreased such that]
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1low with a shock wave inside a convergent-divergent nozzle

Pe, < Pg < P.,, the flow inside the nozzle is fully supersonic and isentropic, with
the behavior the same as given earlier in Fig. 5.9a, b, ¢, and d. The increase to
the backpressure takes place across an oblique shock attached to the nozzle exit,
but outside the duct itself. This is sketched in Fig. 5.13d If the backpressure is
further reduced below p, , equilibration of the flow takes place across expansion
waves outside the duct, as shown in Fig. 5.13¢

When the situation in Fig. 5 134 exists, the nozzle is said to be overex-
panded, because the pressure at the exit has expanded below the back pressure,
n, < pg. Conversely, when the situation in Fig. 5 13e exists, the nozzle is said to
be underexpanded, because the exit pressure is higher than the back pressure,
%, > Py, and hence the flow is capable of additional expansion after leaving the
10z7le.

The results of this section are particularly important and useful. The reader
hould make certain to reread this section until he or she feels comfortable with
he concepts and results before proceeding further Also, keep in mind that these
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juasi-one-dimensional considerations allow the analysis of cross-sectional aver-
aiged properties inside a nozzle of given shape. They do not tell us much about
10w to design the contour of a nozzle—especially that for a supersonic nozzle in
order to ensure shockfree, isentropic flow If the shape of the walls of a
supersonic nozzle is not just right, oblique shock waves can occur inside the
nozzle. The proper contour for a supersonic nozzle can be determined from the
method of characteristics, to be discussed in Chap. 11

Example 5.1. Consider the subsonic-supersomc flow through a convergent-divergent
nozzle. The reservoir pressure and temperature are 10 atm and 300 K, respectively
There are two locations in the nozzle where 4/A* = 6 one in the convergent

section and the other in the divergent section At each location, calculate M, p, T,
and

Solution. In the convergent section, the flow is subsonic From the front of Table

A1, for subsonic flow with A/4* =6 | M =0097], p./p =1006, and T,/T =
1.002. Hence

p=2p = (1006) '(10) = | 9 94 atm
P

[

T
r=—T,=( 002) ~'(300) = {2994 K

o

a=/yRT = /(14)(287)(2994) = 346 8 m/s

u=Ma=(0097)(346 8) = |33 6m/s

In the divergent section, the flow is supersomc From the supersonic section of
Table A1, for A/A* = 6. | M =3368), p,/p =6313, and T,/T = 3269 Hence

p =L p = (6313)71(10) = | 01584 atm
P

]

T
T=—T,= (3269) 7'(300) = | 91 77K

[¢]

a=/yRT = /(1 4)(287)(91 77) = 1920 m/s

u=Ma=(3368)(1920) = | 646 Tm/s

Example 5.2. A supersonic wind tunnel is designed to produce Mach 2.5 flow in the
test section with standard sea level conditions Calculate the exit area ratio and
reservoir conditions necessary to achieve these design conditions

Solution. From Table A1, for M, =25

A, A% = 2637 p,/p.=1709  T,/T, =225
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Also, at standard sea level conditions, p, = 1 atm and T, = 288 K. Hence,

p, = %Pe = (17 09)(1) = | 17 09 atm

7,
,= 5 1= (225)(288) = | 648 K

Example 5.3. Consider a rocket engine burning hydrogen and oxygen; t °
combustion chamber temperature and pressure are 3571 K and 25 atm, respectiv
The molecular weight of the chemically reacting gas in the combustion chambe
16, and y = 1.22 The pressure at the exit of the convergent-divergent rocket no

is 1.174 X 10% atm. The area of the throat is 0.4 m* Assuming a caloncally per
gas, calculate. (a) the exit Mach number, (b) the exat velocity, (¢) the mass |
through the nozzle, and (d) the area of the exit.

Solution. Note that for this problem, where y = 1.22, the compressible flow ta
in the Appendix cannor be used since the tables are calculated for y = 1.4 Thu
solve this problem, we have to use the governing equations directly

(2) To obtain the exat Mach number, use the isentropic relation given

Bq (3 30):

-1 y/{y—1)
P =(1 o M)

P 2
or
2 P (y— /¥ ) 25 0227122
M= ——{| = -1 = — ~ 1] =271
y—-1{\p 02211174 x 10
M, =521
To obtain the exit velocity:
(b)
. [ p\OVY (1174 x 1072\
L (_) _ (_h._._r ) = 0.02517
0 Do

T, = 0.02517T, = 0.02517(35617) = 885.3 K
From Sec. 1.4, we know that

$314
R=—=——=51961/kg-K

a, = YRT, = /(1 22)(519.6)(885.3) = 749.1 m/s
V,= M,a, = (521)(7491) = | 3903 m/s

(€) Since we are given A* = 04 m?, let us calculate the mass flow at th
throat. First, obtain p, from the equation of state:

p, (25(101 x 10%)
P~ RT, T (519 6)(3517)

= 1382 kg /0
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‘From Eq. (3.36)

o* 2 1/ty—1) 7 (4545
L - (_ﬁ) 062
£y y+1 222

p* = 0648p, = (0 622)(1 382) = 0 860 kg /n’
From Eq (3 34)

T* = 0.97, = (0.9)(3517) = 3168 K
a* = [YRT* = \/(122)(529 6)(3168) = 1417 m/s

= pAV = p*A*a* = (0 860)(0.4)(1417) = | 487 4 kg /s

(d) At the exit, since # = const,

m=pAV,=4874kg/s
p. (1174 x107%)(1 01 x 10°)
- - ~ 0.00258 kg /m’
Pe ™ RT, (519 6)(885 3) g/m
PR 487 4 P
< oV, (000258)(3903) "

Example 5.4. Consider the flow through a convergent-divergent duct with an
exit-to-throat area ratio of 2. The reservoir pressure is 1 atm, and the exit pressure is
095 atm Calculate the Mach numbers at the throat and at the exit

Solution. First, let us analyze this problem If the flow were supersonic in the
divergent portion, then from Table A.l, for an area ratio of A,/4* =2, p /p, =
10.69; thus p, would have to be p, = p,/10.69 = (1 atm) /10 69 = 0 0935 atm. This
is considerably less than the given p, = 095 atm Therefore, we do not have a
subsonic-supersonic isentropic flow as was the case in Examples 51 through 5.3.
Question: Is the flow completely subsonic? If this were the case, the throat area A, is
not equal to A*, and A4, > A* Let us examine A, and A4*. From Table A1, for
2./P.=1/095=10353, A4,/A* = 217 (nearest entry). However, for the given
problem, A,/A4, =2 Thus, 4, > A*, and the flow is completely subsomc From
Table A 1, since p,/p, = 1 053, we have

M, =028
At the throat,
A A A,
T - A ar = 3(217) =1 085

From Table A1, for 4,/4* = 1085, we have

M,=072
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Example 5.5. Consider a convergent-divergent duct with an exit-to-throat area ratio
of 1 6 Calculate the exit-to-reservoir pressure ratio required to achieve sonic flow at
the throat, but subsonic flow everywhere else

Solution. Since M =1 at the throat, A, = A* Thus

Ao _ Ao,
—_—— e == I
4, A

From Table A1, the subsomc entry that corresponds to A,/4* =16 is p,/p, =

1.1117 Hence
e 1
2, 11117

For this area ratio of 4,/A4, = 16, if the exat-to-reservoir pressure ratio is greater
than 0 9, the flow through the duct is completely subsonic If this pressure ratio is
less than 09, then the flow will expand to supersonic speed downstream of the
throat However, unless p,/p, = 1/7128 = 01403 which corresponds to an
isentropic expansion to the exit, there will be shock waves either at the lip of the
nozzle (overexpanded case) or a normal shock somewhere inside the duct Which of
these cases hold depends upon the prescribed value of p,/p,

Example 5.6. Consider a convergent-divergent nozzle with an exit-to-throat area
ratio of 3 A normal shock wave is inside the divergent portion at a location where
the local area ratio is A/A4, = 2 Calculate the exit-to-reservoir pressure ratio

Solution. For this case, we have an isentropic subsome-supersonic expansion through,
the part of the nozzle upstream of the normal shock Let the subscripts 1 and 2
denote conditions immediately upstream and downstream of the shock, respectively
The local Mach number M, just ahead of the shock is obtained from Table A1 for
A, /A* =2, namely M, =22 From Table A2, for M; =22, M, = 05471 and
P.,/P,, = 0.6281 From Table A1, for M, = 05471, we have 4,/A43 =127 Note
an important fact at this stage of our calculation. The normal shock is assumed to
be infinitely thin, hence 4, = 4, However, we have previously shown that A, /A}
= 2 and A,/A% = 127 Clearly, the value of A* changes across the shock wave This
is due to the entropy increase across the shock. Af is the flow area necessary to
achieve Mach 1 isentropically in the flow upstream of the shock, and A% is the oy
area necessary to achieve Mach 1 isentropically in the flow downstream of the
shock Since the entropy is different for these two flows, then 4* is different for the
two flows Proceeding with the calculation,

S TS o LS = (3)(1)(127) = 1905

The flow is subsonic behind the normal shock wave, and hence is subsomc throughout
the remainder of the divergent portion downstream of the shock Thus, from the
subsonic entries in Table A1, we have for A,/4% = 1905, M, =032 and p, /p, =
1074 Thus, since p, = p, and p, = p,, we have

pp pe poe po: pol ( 1

Do Po, Poy Po, Do

o 1074

)(1)(0 6281)(1) = | 0 585
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M, =
f)=367atm palatm
2V FIGURE § 14
7+ =423 Nozzle exhausting directly to the atmosphere

5.5 DIFFUSERS

Let us go through a small thought experiment. Assume that we want to design a
supersonic wind tunnel with a test section Mach number of 3 (see Fig. 5.6). Some
mmmediate information about the nozzle is obtained from Table A.1; at M = 3,
A,/A* = 423 and p,/p, = 36.7. Assume the wind tunnel exhausts to the atmo-
sphere What value of total pressure p, must be provided by the reservoir to drive
the tunnel? There are several possible alternatives. The first is to simply exhaust
the nozzle directly to the atmosphere, as sketched in Fig. 5,14, In order to avoid
shock or expansion waves in the test region downstream of the exit, the exit
pressure p, must be equal to the surrounding atmospheric pressure, ie., p, =
1 atm Since p,/p, = 36.7, the driving reservoir pressure for this case must be
367 atm, However, a second alternative is to exhaust the nozzle into a constant-
atea duct which serves as the test section, and to exhaust this duct into the
atmosphere, as sketched in Fig. 5.15. In this case, because the testing area is
inside the duct, shock waves from the duct exit will not affect the test section.
Therefore, assume a normal shock stands at the duct exit The static pressure
behind the normal shock is p,, and because the flow is subsonic behind the
shock, p, = p, = 1 atm In this case, the reservoir pressure p, is obtained from

1
= &&pw = 36.7T——1 = 3.55 atm

" e 10.33

lere P,/ P. 15 the static pressure ratio across a normal shock at Mach 3,
Eitained from Table A.2. Note that, by the simple addition of a constant-area
ict with a normal shock at the end, the reservoir pressure required to drive the
1id tunnel has markedly dropped from 36.7 to 3.55 atm. Now, as a third
>rnative, add a divergent duct behind the normal shock in Fig. 5.15 in order to
w the already subsonic flow to a lower velocity before exhausting to the

/

Po. = 1 atm
. GPPINPPP707775) Ml
M, =3 i
=Py, = | atin FIGURE 5 15

155 atm - > p'z = Poa

Pe = 00T atm ' —~ normal shock Nozzle with a normal shock at
T T T the exit, exhausting to the atmo-
7 /) sphere
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Nozzle with a normal-shock diffuser The normal shock is slightly upstream of the divergent duct

atmosphere. This is sketched in Fig. 5.16. At the duct exit, the Mach number is a
very low subsonic value, and for all practical purposes the local iotal and static
pressure are the same. Moreover, assuming an isentropic flow in the divergent
duct behind the shock, the total pressure at the duct exit is equal to the total
pressure behind the normal shock. Consequently, p, = p, =1 atm From Table
A.2, the Mach number immediately behind the shock is M, = 0.475, and the
ratio of total to static pressure at this Mach number (from Table A1) is
P,,/P2 = 1.17. hence

11
- 37— ——1=304at
R 10 33 1.17 i

This 1s even better yet-—the total pressure required to drive the wind tunnel hasa
been further reduced to 3.04 atm. |

Take a look at what has happened! From Table A.2, note the ratio of totai
pressures across a normal shock wave at Mach 3 is p,/p, = 0.328. Hence
Po/P,, = 1/0.328 = 3.04; this 1s precisely the pressure ratio requlred to drive the
wind tunnel in Fig. 516! Thus, from this thought experiment, we infer that the,
reservoir pressure required to drive a supersonic wind tunnel (and hencg;
the power required from the compressors) is considerably reduced by the creatiol
of a normal shock and subsequent isentropic diffusion to M = 0 at the tunne
exit, and that this pressure is simply determined by the total pressure loss acrosg
a normal shock wave at the test section Mach number.

The normal shock and divergent exhaust duct in Fig. 5.16 are acting as
specific mechanism to slow the air to low subsonic speeds before exhausting t
the atmosphere. Such mechanisms are called diffusers, and their function is t
slow the flow with as small a loss of total pressure as possible. Of course, the ided]
diffuser would compress the flow isentropically, hence with no loss of totai
pressure. For example, consider the wind tunnel sketched in Fig. 56. Afte;
isentropically expanding through the supersonic nozzle and passing through thg
test section, conceptually the supersonic flow could be isentropically compresse
by the convergent part of the diffuser to sonic velocity at the second throat, anc
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. Subsonic flow
fu Supersonic flow ! -

» I
\ ", . l Py =P, ™ P

/ ’ , Mt
€
A, = A* (nozzle throat) A4,, (diffuser throat)

FIGURE 5.17
Jozzle with a conventional supersonic diffuser

hen further isentropically compressed to low velo¢ity in the divergent section
lownstream of the throat. This would take place with no loss in total pressure,
nd hence the pressure ratio required to drive the tunnel would be unity—
» perpetual motion machine! Obviously, something is wrong. The problem can be
een by reflecting on the results of Chap. 4. When the convergent part of the
‘iffuser changes the direction of the supersonic flow at the wall it is extremely
aifficult to prevent oblique shock waves from occurring inside the duct. More-
ver, even without shocks, the real-life effects of friction between the flow and the
«iffuser surfaces cause a loss of total pressure, Therefore, the design of a perfect
entropic diffuser is physically impossible. j

Accepting the fact that a perfect diffuser cannot be built, can we still hope
0 do better than the normal shock diffuser sketchedl in Fig. 5.167 The answer is
fes, because it can easily be shown that the total pressure loss across a series of
%blique shocks and a terminating weak normal shock is less than that across a
Ingle strong normal shock at the same upstream Mach numbes. (See Prob. 4.8.)
therefore, it would appear wise to replace the normal shock diffuser in Fig. 5.16
vith an oblique shock diffuser as sketched in Fig 5.17. Here, the test section flow
# Mach number M, and static pressure p, is slowel down through a series of
iblique shock waves initiated by a compression corner at the inlet of the diffuser,
urther slowed by a weak normal shock wave at the end of the constant-area
btion, and then subsonically compressed by a diveréent section which exhausts
o the atmosphere. At the diffuser exit, the static pressure is p,, which for
ibsonic flow at the exit is equal to p_. In concept, this oblique shock diffuser
ould provide greater pressure recovery (smaller loss in total pressure) than a
brmal shock diffuser However, in practice, the interaction of the shock waves in
g 517 with the viscous boundary layer on the diffuser walls creates an
dditional total pressure loss which tends to partially mitigate the advantages of
8 oblique shock diffuser. The real flow through an oblique shock diffuser is
fown in the photograph of Fig. 5.18. The shock waves and boundary layers are
jpde visible by a schlieren system—an optical technique sensitive to density
dients in the flow. Note the decay of the diamond-shaped oblique shock
fitern due Lo viscous interaction downstream The net result is that the full
ptential of an oblique shock diffuser is never fully achieved.
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In the literature, there are several figures of merit used to denote the
efficiency of diffusers. For wind tunnel work, the most common definition of
diffuser efficiency is to compare the actual total pressure ratio across the diffuser,
P4 /P, with the total pressure ratio across a hypothetical normal shock wave at
the test section Mach number, P.,/P,, (using the nomenclature of Fig 3 8). Let
1, denote diffuser efficiency Then

( pdu/pO)actua]

pol/poi )normal shock at M,

np = ( (5.21)

If, mp = 1, then the actual diffuser is performing as if it were a normal shock
diffuser. For low supersonic test section Mach numbers, diffusers in practice
usually perform slightly better than normal shock (1, > 1); however, for hyper-
sonic conditions, normal shock recovery is about the best to be expected, and
usually 7, < 17

Note from Figs. 5 6 and 5.17 that oblique shock diffusers have a minimum-
area section, 1.e, a throat. In wind tunnel nomenclature, the nozzle throat is
called the first throat, with cross-sectional area 4, = A4*; the diffuser throat is
‘called the second throat, with area A4,. Due to the entropy increase in the
diffuser, 4, > A,. To prove this, assume that sonic flow exists at both the first
and second throats. From Eq (5.1) evaluated between the two throats,

pid,af = p3A, a3 (522)

A pt¥ af
or i R e X (5 23)
A, 0% a3

From Secs. 3.4 and 3.5, o* and hence T™* are constant throughout a given
adiabatic flow. Thus, af /a% = 1, and Eq. (5.23) becomes
4, of

hH
2 - 5724
Arl o3 ( )

However, from the equation of state,
gg _ PI/RIY  pi (5 25)
P2
Substituting Eq (5.25) into (5.24),
A, pt
. P

(5.26)

LN

"For a more extensive discussion of supersomc diffusers, as well as their application in a modern
sitwation, see Chap 12 of Ref 21
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Since My = M, = 1, and from Eq. (3.30) evaluated at locations 1 and 2,

P, y — 1 v/A(r—1) +1 y/(y-1)

— =1+ Mf) = (2

P1 2

Poz (1 y ~1 2 ¥/ (y— 1) v + 1y /(-1

— = + =

p3 2 2) 2 )

Eq. (5.26) can be written as

A P,
—2 - (5.27)
A, P,

Since the total pressure always decreases across shock waves and within bound-
ary layers, p, will always be less than p,. Thus, from Eq. (5.27), the second
throat must always be larger than the first throat. Indeed, if we know the values
of total pressure at the two throats, then Eq (5.27) tells us precisely how large to
make the second throat. If 4, is made smaller than demanded by Eq. (5.27), the
mass flow through the tunnel cannot be handled by the diffuser; the diffuser
“chokes,” and supersonic flow in the nozzle and test section is not possible. Note
from Eq. (5.27) that only for a hypothetical perfect diffuser (with isentropic flow
throughout) would the area of the second throat be equal to that of the first
throat.

For typical supersonic diffusers, the efficiency 7,, is very sensitive to 4, , as
sketched in Fig 5.19. Note that as 4, is decreased from a large value, 7, first
increases, reaches a peak value, then rapidly decreases. The peak efficiency i
obtained by a value of 4, slightly larger than given by Eq. (527). Keep in mind
that the value of 4, obtained from Eq. (5.27) is the minimum allowed value that
will pass the incoming mass flow from the nozzle. Below this value, the flow will
be choked, and the diffuser efficiency plummets. The value of 4, from Eq. (527)
is represented by the dashed vertical line in Fig. 5.19. At much higher values of
A, there are no problems with passing the incoming mass flow; however, the
diffuser efficiency is compromised because the supersonic flow from the inlet is
not sufficiently compressed and hence remains supersonic in the second throat In
the downstream divergent portion, this supersonic flow first accelerates, and then
passes through a normal shock near the diffuser exit. Since the Mach number is
fairly high in front of the shock, the total pressure loss across the normal shock is
large This defeats the purpose of an oblique shock diffuser (namely, to have a
weak normal shock occur at the second throat in a near sonic flow). As a result]
for large 4, , the diffuser efficiency is low, as sketched in Fig. 5.19.

Up to this stage in our discussion, the most serious problem with diﬂ'user(i

e

has not yet been mentioned—the starting problem Consider again the win
tunnel sketched in Fig. 5.6. When the flow through this tunnel 1s first started (saj'
by rapidly opening a pressure valve from the reservoir), a complicated transien
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Fora
given ME
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Choking

Starting

A‘z

*IGURE 5.19
chematic of the vanation of diffuser efficiency with second throat area

flow pattern is established, which after a certain time interval settles to the
familiar steady flow which we have been discussing in this chapter. The starting
process is complex and is still not perfectly understood. However, it is usually
accompanied by a normal shock wave that sweeps through the complete duct
from the nozzle to the diffuser. When this starting normnal shock wave is
momentarily at the inlet to the diffuser, the second throat area must be large
enough to pass the mass flow behind a normal shock. This value of 4, is given
by Eq. (5.27) where now p, /p, is the total pressure ratio across a normal shock
at the test section Mach number. This starting value of 4, is represented by the
solid vertical line in Fig. 519, and is always larger than the throat area for peak
efficiency. If A4, is less than the starting value, the normal shock will remain
upstream of the diffuser, and the tunnel flow will not start properly. If 4, is
equal to or greater than the starting value, the normal shock will proceed through
{f’ll. “swallowed” by) the diffuser, and the tunnel flow will start properly.
herefore, examining Fig. 5.19, we see that a fixed-geometry diffuser designed
ith a second throat area large enough to allow the flow to start will operate at

;:fn efficiency less than maximum. Herein lies the advantage of variable-geometry
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diffusers, where the throat area can be changed by some mechanical or fluid
dynamic means. In such a diffuser, the throat area is made large enough to start
the flow, and then later is decreased to obtain higher efficiency during running of
the tunnel. However, the design and fabrication of variable-geometry diffusers is
usually complex and expensive, and for this reason most operational wind
tunnels use fixed-geometry diffusers.

Our discussion on diffusers has focused on a wind tunnel application for
illustration of the general phenomena. However, the analysis of the flow through
inlets and diffusers for air-breathing jet engines follows similar arguments. The
reader is encouraged to read Shapiro (Ref. 16) or Zucrow and Hoffman (Ref. 17)
for extensive discussions on such supersonic inlets.

The reader is cautioned not to take this discussion on diffusers too literally
The actual flow through diffusers is a complicated three-dimensional interaction
of shock waves and boundary layers which is not well understood—even after a
half-century of serious work on diffusers. Therefore, diffuser design is more of an
art than a science. Diffuser efficiency is influenced by a myriad of parameters
such as A4,/4,, M,, entrance angle, second throat length, etc. Therefore, the
design of a diffuser for a given application must be based on empirical data and
inspiration. Rarely is the first version of the new diffuser ever completely
successful. In this context, the discussion of diffusers in this section is intended
for general guidance only.

Example 5.7. Consider the wind tunnel described in Example 52 Estimate the ratio
of diffuser throat area to nozzle throat area required to allow the tunnel to start
Also, assuming that the diffuser efficiency is 12 after the tunnel has started,
calculate the pressure ratio across the tunnel necessary for running, i.e, calculate the
ratio of total pressure at the diffuser exit to the reservoir pressure.

Solution. From Table A2, for M =125 p, /p, = 0499 From Eq. (5.27)

2= e =200

From Eq (521)

Po Po,

Po
(Pda) =no(_2~) = (12)(0 499) =| 0599
actual normatl shock

Note, In Example 52, standard sea level conditions were stipulated in the tcst
section. For this case, the pressure at the diffuser exit is far above atmospheric
pressure Specifically, from Example 52, p, = 1709 atm, hence p, =
(0.599)(17 09) = 10 23 atm If the diffuser exhausted directly to the atmosphere, the
flow would rapidly expand to supersonic velocity in the free jet downstream of the
tunnel exat, with accompanying tremendous losses Therefore, for this particula
wind tunnel, a closed circuit design is by far the best That is, the low subsomic flow
at the exit of the diffuser is ducted right back to the entrance of the nozzle The
tunnel forms a closed loop, and the pressure loss in passing through the tunnel and
the return loop is made up by a fan with a motor drive Since the gas is also heated



QUASI ONE DIMENSIONAL FLow 175

by the addition of power from this motor dnive, a cooler must also be inserted in the
return loop. See Chap 5 of Ref 9 for a more detailed discussion of the design of a
closed-loop (or closed-return) supersomc wind tunnel

56 WAVE REFLECTION FROM A FREE
BOUNDARY

Although they are not inherently quasi-one-dimensional flows, the wave patterns
shown emanating from the nozzle exit in Fig. 5134 and e are frequently
encountered in the study of nozzle flows Therefore, it is appropriate to discuss
them at this stage.

The gas jet from a nozzle which exhausts into the atmosphere has a
boundary surface which interfaces with the surrounding quiescent gas. As in the
case of the slip lines discussed in Chap. 4, the pressure across this boundary must
be preserved; hence the jet boundary pressure must equal p_ along its complete
length. Therefore, the obhque shock waves shown in Fig 5.134 and the expansion
waves sketched in Fig. 5.13e must reflect from the jet boundary in such a fashion
as to preserve the pressure at the boundary downstream of the nozzle exit. This
jet boundary is not a solid surface as treated in Chap 4; rather, it is a free
boundary which can change in size and direction. For example, consider the
mcident shock wave impinging on a constant-pressure free boundary as shown in
Fig. 5.20. In region 1, the pressure is p_, equal to the surrounding atmosphere. [n
region 2 behind the incident shock, p, > p. However, at the edge of the jet
boundary (the dashed line in Fig. 5.20), the pressure must always be p, .
Therefore, when the incident shock hits the boundary, it must be reflected in such
a fashion as to obtain p_ in region 3 behind the reflected wave. Since p, =
P < Py, this refiected wave must be an expansion wave, as sketched in Fig. 5 20.
In turn, the flow is deflected upward by both the incident shock and refiected
expansion, causing the free boundary to deflect upward also The strength of

the reflected expansion wave is readily obtained from the theory presented in
Chap. 4.

Constant pee 7

Reflected
expansion

;URE §.20
y k wave incident on a constant-pressure boundary
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FIGURE 5.21
Reflection of an expansion wave incident on a constant-pressure boundary

Analogously, the incident expansion wave shown in Fig. 521 is reflected
from a free boundary as a compression wave. This finite compression wave
quickly coalesces into a shock wave, as shown. The wave interaction shown in
Fig. 5.21 must be analyzed by the method of characteristics, to be discussed in
Chap. 11.

From the above discussion combined with our results of Chap. 4, we
conclude that

1. Waves incident on a solid boundary reftect in like manner, i.e., a compression
wave reflects as a compression and an expansion wave reflects as an expan-
sion.

2. Waves incident on a free boundary reflect in opposite manner, i.e., a compres-
sion wave reflects as an expansion and an expansion wave reflects as a
COMpression.

Considering the overexpanded nozzle flow in Fig. 5.134d, the flow pattem
downstream of the nozzle exit will appear as sketched in Fig. 5.22. The various
reflected waves form a diamond-like pattern throughout the exhaust jet Such a
diamond wave pattern is visible in the exhaust from the free jet shown in Fig
5.23. The reader is left to sketch the analogous wave pattern for the underex- -
panded nozzle flow in Fig 5.13e.

FIGURE 5.22

Schematic of the diamond wave,
pattern in the exhaust from’a’
supersonic nozzle.
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i

IGURE 5.23
Piamond wave patterns from an axisymmetric free jet (similar to the exhaust from a rocket engine)
aken from E § Love, C E Grigsby, L P Lee, and M I Woodling, “Experimental and Theoretical
tudies of Axisymmetric Free Jets,” NASA Tech Report No TR R-6, 1959 W is the wavelength of
the fiist diamond

i

gd
3.7 SUMMARY

‘his brings to an end the technical discussion of the present chapter. The
asi-one-dimensional duct flows discussed herein, in concert with the shock and
xpansion waves discussed in Chaps. 3 and 4, constitute a first tier in the overall
ructure of compressible flow. You should take this material very seriously, and
hould make certain that you feel comfortable with the major concepts and
sults. This will promote a smoother excursion into the remaining chapters

¥ HISTORICAL NOTE: DE LAVAL—
"BIOGRAPHICAL SKETCH

¢ first practical use of a convergent-divergent supersonic nozzle was made
fore the twentieth century As related in Sec. 1.1, the Swedish engineer, Carl
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G. P. de Laval, designed a steam turbine in the late 1800s which incorporated
supersonic expansion nozzles upstream of the turbine blades (see Fig. 1.1). Foi
this reason, such convergent-divergent nozzles are frequently referred to as
“Laval nozzles” in the literature. Who was de Laval? What prompted him to
design a supersonic nozzle for steam turbines? What kind of man was he? Let us
take a closer look.

Carl Gustaf Patrick de Laval was born at Blasenborg, Sweden, on May 9,
1845. The son of a Swedish army captain, de Laval showed an early interest in
mechanical mechanisms, disassembling and then reassembling such devices as
watches and gun locks. His parents encouraged his development along these
lines, and at the age of 18 de Laval entered the University of Upsala, graduating
in 1866 with high honors in engineering. He was then employed by a Swedish
mining company, the Stora Kopparberg, where he quickly realized that he needed
more education (This is a phenomenon which has affected young engineers
through the ages ) Therefore, he returned to Upsala, where he studied chemistry,
physics, and mathematics, and graduated with a Ph.D. in 1872. From there, he
returned to the Stora Company for 3 years, and then joined the Kloster Iron
Works in Germany in 1875, By this time, his inventive genius was beginning to
surface: he developed a sieve for improving the distribution of air in bessemer
converters, and a new apparatus for galvanizing processes. Also, during his time
with Kloster, de Laval was experimenting with centrifugal machines for the
separation of cream in milk. Unable to convince Kloster to manufacture his
cream separator, de Laval resigned in 1877, moved to Stockholm, and started his
own company. Within 30 years, he had sold more than a million de Laval cream
separators, and to the present day he is better known in Europe for cream
separators then for steam turbines. s

However, it was with his steam turbine designs that de Laval made a lasting
contribution to the advancement of compressible flow. In 1882, he constructed
his first steam turbine using rather conventional nozzles Such nozzles wer%
convergent shapes, indeed nothing more than orifices in some designs of that day,

fiki
it

In turn, the kinetic energy of the steam entering the rotor blades was lo‘lifg
resulting in low rotational turbine speeds The cause of this deficiency Wag
recognized— the pressure ratio across such nozzles was never less than one-halff
Today, as described in Secs. 5.3 and 5.4, we know that such nozzles were chokedy
and that the flow exhausted from the nozzle exit at a velocity that was not greatélg
than sonic. However, in 1882, engineers did not fully understand such phenom
ena. Finally, in 1888, de Laval hit upon the system of further expanding the
gas by adding a divergent section to the original convergent shape. Sudden]y%
his steam turbines began to operate at incredible rotational speeds—ove{g
30,000 r/min Overconung the many mechanical problems introduced by such ag
improvement in rotational speed, de Laval developed his turbine business into g
large corporation in Stockholm, and quickly obtained a number of internation;
affiliates, in France, Germany, England, the Netherlands, Austria-Hungary
Russia, and the United States Subsequently, his design was demonstrated at tﬂ'g

E
World Columbian Exposition in Chicago in 1893, as related in Sec 1 1.
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- In addition to his successes as an engineer and businessman, de Laval was
also adroit in his social relations. He was respected and liked by his social peers
and employees. He held national office—being elected to the Swedish Parliament
during 1888 to 1890, and later becoming a member of the Senate, He was
awarded numerous honors and decorations, and was a member of the Swedish
Royal Academy of Science

After a full and productive life, Carl G. P. de Laval died in Stockholm in
1912 at the age of 67. However, his influence and his company have lasted to the
present day.

It is interesting to note that, on a technical basis, de Laval and other
contemporary engineers in 1888 were not quite certain that supersonic flow
actually existed in the “Laval nozzle.” This was a point of contention that was

not properly resolved until the experiments of Stodola in 1903. But Stodola’s
story is told in the next section.

59 HISTORICAL NOTE: STODOLA, AND
THE FIRST DEFINITIVE SUPERSONIC
NOZZLE EXPERIMENTS

The innovative steam turbine nozzle design by de Laval (sec Secs. 1.1 and 5 8)
sparked interest in the fluid mechanics of flow through convergent-divergent
nozzles at the turn of the century. Leading this interest was an Hungarian-born
:ngineer by the name of Aurel Boleslav Stodola, who was to eventually become
the leading expert in Europe on steam turbines. However, whereas de Laval was
m idea and design man, Stodola was a scholarly professor who tied up the loose
icientific and technical strings associated with Laval nozzles Stodola is a major
igure in the advancement of compressible flow, thermodynamics, and steam
urbines Let us see why, and at the same time take a look at the man himself.
Stodola was born on May 10, 1859, in Liptovsky Mikulas, Hungary, a small
lovakian town at the foot of the High Tatra mountains The second son of a
sather manufacturer, he attended the Budapest Technical University for 1 year
n 1876 He was an exceptional student, and in 1877 he shifted to the University
{ Zurich in Switzerland, and then to the Eidgenossische Technische Hochschule
11878, also in Zurich Here, he graduated in 1880 with a mechanical engineering
egree. Subsequentiy, he served a brief time with Ruston and Company in
rague, where he was responsible for the design of several different types of
eam engines However, his superb performance as a student soon earned him a
Chair for Thermal Machinery” back at the Fidgenossische Technische
lochschule in Zurich, a position he held until his retirement in 1929.
4 There, Stodola established a glowing academic career which included teach-
ig, ndustrial consultation, and engineering design. However, his main contribu-
ons were in applied research. Stodola had a synergistic combination of high
athematical competence with an intense devotion to practical applications
loreover, he understood the importance of engineering research at a time when
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it was virtually nonexistent throughout the world. In 1903 (the same year as the
Wright brothers’ first powered airplane flight), Stodola wrote:

We engineers of course know that machine building, through widely extendedg
practical experimenting, has solved problems, with the utmost ease, which baffied]
scientific investigation for years But this “cut and try method,” as engineer
ironically term it, is often extremely costly, and one of the most important questions
of all technical activity, that of efficiency, should lead us not to underestimate thed
results of scientific techmcal work

This commentary on the role of basic scientific research was aimed primarily at
the design of steam turbines, But it was prophetic of the massive and varied,,
research programs to come during the latter half of the twentieth century.

The importance of Stodola to our consideration in the present book lies ;‘-;
his pioneering work on the flow of steam through Laval nozzles. As mentioned iff;
Sec. 5.8, the possibility of supersonic flow in such nozzles, although theoreticallyy
established, had not been experimentally verified, and therefore was a matter
controversy. To study this problem, Stodola constructed a convergent-divergent]
nozzle with the shape illustrated at the top of Fig. 5.24. He could vary th
backpressure over any desired range by closing a valve downstream of the nozz1
exit. With pressure taps in a long, thin tube extended through the nozzle along i 1t
centerline (also shown in Fig. 5.24), Stodola measured the axial pressure dlstnbu ;‘
tions associated with different backpressures. These data are shown below the;
nozzle configuration in Fig. 5.24. This figure is taken directly from Stodola
original publication, a book entitled Steam Turbines, first published in 190g
Here, for the first time in history, the characteristics of the flow through
supersonic nozzle were experimentally confirmed. In Fig. 5.24, the lowest cury
corresponds to a complete isentropic expansion (as illustrated in Fig. 5 9¢). Th
curves D through L in Fig. 5.24 correspond to a shock wave inside the nozzlg
induced by higher backpressures (as illustrated in Fig. 5.12¢). The curves 4, B
and C in Fig. 5.24 correspond to completely subsonic flow induced by higl
backpressures (as illustrated in Fig. 510¢). With regard to the large jumps if
pressure shown by some of the data in Fig. 5.24, Stodola comments:

I see in these extraordinary heavy increases of pressure a realization of e
“compression shock™ theoretically derived by von Riemann, because steam part;cles
possessed of great velocity strike against a slower moving steam mass and arer
therefore compressed to a higher degree

(In the above, Stodola is referring to G F Bernhard Riemann mentioned in Sec}
3.10; however, he would be historically more correct to refer instead to Rankin
and Hugoniot, as described in Sec 3.10.) Stodola’s nozzle experiments as del
scribed above, and his original data shown in Fig 5.24, represented a quantunﬁ
jump in the understanding of supersonic nozzle flows. Taken in conjunction w1tp
de Laval's contributions, Stodola’s work represents the original historical under:
pinning for the material given in this chapter. Furthermore, this work was quickh
picked up by Ludwig Prandtl at Gottingen, who went on to make dramatic



QUASI ONE DIMENSIONAL FLow 181

- \
|
.t \y
! B s S —— SR S
= ! “
g [ 12‘
: ]
M ——————
" ;—”]L_/' HI;\
- 1
v ‘ f
kg/em?
1
A
44 N 10
rr—
[
D \
NN
N \ | 5 8
g \ ;
b=
F T
[F)
ﬁ_.._-qh___ N e
-\J\L\ %
N 53
n :
e —t—— G 3
j=¥
\{\ K 2
\/\ N —g
‘j H N 32
B ’
-—-dr\-//\ ) /
K i
0
160 140 120 100 RO 60 40 20 0 —20
Nozzle axis, mm
FIGURE 5.24

Stodola’s original supersonic nozzle data, 1903 The curves are pressure distributions for different
backpressures

schierien photographs of waves in supersonic nozzle flows, as described in
Sec. 4.15.
Stodola died in Zurich on December 25, 1942, at the age of 83. During his
ifetime, he became the leading world expert on steam turbines, and his students
rmeated the Swiss steam turbine manufacturing companies, making those
ompanies into international leaders in this field. Moreover, he had exceptional
ersonal charm. The loyalty of his friends was extraordinary, and he acquired an
lmost disciplelike group during his long life in Zurich. Even upon his death, the
humber and persuasiveness of his eulogies were exceptional. Clearly, Stodola has
left a permanent mark in the history of compressible flow
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5.10 SUMMARY

Quasi-one-dimensional flow is defined as flow wherein all the flow properties are
functions of one space dimension only, say x, whereas the flow cross-sectional
area is a variable, ie, u = u(x), p = p(x), T = T(x), and 4 = A(x). This is in
contrast to the purely one-dimensional flows discussed in Chapter 3, where the
flow cross-sectional area is constant. The governing flow equations for quasi-
one-dimensional flow, obtained from a control volume model, are

Continuity p Al = pyuy 4, (5.1)
A
Momentum: A + pufd + f pdd = p, A, + p,uld, (5.2)
Ay
U u3
Energy- hy + 5 = hy, + ) (5.5)
The differential forms of these equations are:
Continuity: d(pud) =0 (5.7)
Momenium. dp = —pudu (5.9)
Energy: dh + udu=0 (5.10)

These equations hold for inviscid, adiabatic flow—hence isentropic fiow. The
can be combined to yield the area-velocity relation

dA du

= (-1 (5.15)

which states, among other aspects, that-

1. If the flow is subsonic, an increase in velocity corresponds to a decrease
area.

2. If the flow is supersonic, an increase in velocity corresponds to an increase i
area.
3. If the flow is sonic, the area is at a local minimum

These results clearly state that, in order to expand an isentropic flow fro,

subsonic to supersonic speeds, a convergent-divergent duct must be used, where,

Mach 1 will occur at the minimum area (the throat) of the duct. :
Quasi-one-dimensional isentropic flow is dictated by the area Mach numbj

relation,
A 2 1 9 —1 (y+1)/(y=1
(__) - (1 . MZ)] (5.20)
A* M2 W

Yy +1 2
where A* is the flow area at a local value of Mach 1 From Eq. (5.20) we note ‘;
pivotal result that local Mach number is a function of only A /A* (and,"9)
course, y).
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To understand the various flowfields possible in a quasi-one-dimensional,
convergent-divergent duct, imagine that the reservoir pressure is held fixed and
the backpressure downstream of the exit is progressively reduced The following
cases are possible, as we progressively reduce the backpressure.

1. First, the flow is completely subsonic, including both the convergent and the
divergent sections The maximum value of the Mach number (still subsonic)
occurs at the throat. The mass flow continually increases as the backpressure 1s
reduced,

2. At some specific value of the backpressure, the flow at the throat becomes
sonic. The Mach numbers both upstream and downstream of the throat are
still subsonic. The mass flow reaches a maximum value; when the backpres-
sure is further reduced, the mass flow remains constant The flow is choked.

3. As the backpressure is further reduced, a region of supersonic flow occurs

downstream of the throat, terminated by a normal shock wave standing inside
the divergent region

4. At some specific value of the backpressure, the normal shock will be located
exactly at the exit The fully isentropic, subsonic-supersonic flow pattern now
exists throughout the entire duct, except right at the exit.

5. As the backpressure is further reduced, the normal shock is replaced by

oblique shocks emanating from the edge of the nozzle exit. This is called an
overexpanded nozzle flow,

6. At some specific value of the backpressure, corresponding to the isentropic
flow value, no waves of any kind will exist in the flow; we will have the purely

isentropic subsonic-supersonic expansion through the nozzle, with no waves at
the exit.

7. Finally, for a lower backpressure, expansion waves will emanate from the edge
of the nozzle exit. This is called an underexpanded nozzle fiow.

The function of a diffuser is to slow a flow with the smallest possible loss of
~ total pressure. For a supersonic or hypersonic wind tunnel, the diffuser must slow
* the flow to a low subsonic speed at the end of the tunnel. For a measure of how
eflicient the diffuser is, the normal shock diffuser efficiency is defined as

(pda/PO)aclual

o= ( (5 21)

poz/pol)norma[ shock a1 M,
where p, /p, 1s the actual ratio of total pressure between the exat of the diffuser
and the nozzle reservoir, and Do,/ P, 18 the usual total pressure ratio across a
normal shock wave at the design Mach number at the nozzle exat. A supersonic
diffuser has a local minimum of cross-sectional area called the second throat; the
ratio of the second throat area (diffuser) to the first throat area (nozzle) is given
by

A,2 Py

‘ (5.27)
Atl p02
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PROBLEMS

5.1.

5.2.

5.3.

54.

5.5.

5.6.

5.7.

5.8.

5.9.

5.10.

A supersonic wind tunnel is designed to produce flow in the test section at Mach 2 ¢
at standard atmospheric conditions Calculate

(@) The exit-to-throat area ratio of the nozzle
(&) Reservoir pressure and temperature

The reservoir pressure of a supersonic wind tunnel is 10 atm. A Pitot tube inserted 11

the test section measures a pressure of 0627 atm Calculate the test section Mac.
number and area ratio

The reservoir pressure of a supersonic wind tunnel is 5 atm A static pressure prob:
is moved along the center-line of the nozzle, taking measurements at various
stations For the following probe measurements, calculate the local Mach number
and area ratio

{a) 4 atm (&) 2.64 atm (¢) 05 atm

Consider the purely subsomc flow in a convergent-divergent duct. The inlet, throat,
and exit area are 1 o?, 0 7 m?, and 0 85 o, respectively. If the inlet Mach number
and pressure are 03 and 0 8 X 10° N/m?, respectively, calculate:

(a) M and p at the throat

(b) M and p at the exat

Consider the subsonic flow through a divergent duct with area ratio 4,/4; = 1 7. If;
the inlet conditions are 7, = 300 K and #, = 250 m/s, and the pressure at the exit’
18 p, = 1 atm, calculate:

(a) Inlet pressure p,

(&) Exit velocity u,

The mass flow of a calonically perfect gas through a choked nozzle is given by

p A* y 9] (r+1)/(y—-1)
== —
VT R(Y + 1)

When the reservoir pressure and temperature of a supersomc wind tunnel are 15 atm
and 750 K, respectively, the mass flow is 15 kg/s If the reservoir conditions arc
changed to p, = 20 atm and T, = 600 K, calculate the mass flow.

A blunt-nosed aerodynamic model is mounted in the test section of a supersonic
wind tunnel If the tunnel reservoir pressure and temperature are 10 atm and 800°R
respectively, and the exit-to-throat area ratio is 25, calculate the pressure anc
temperature at the nose of the model

Denve this relation

Consider a flat plate mounted in the test section of a supersonic wind tunnel Th
plate is at an angle of attack of 10° and the static pressure on the top surface of the
plate is 10 atm, The nozzle throat area is 005 n¥ and the exit area is 00844 n?
Calculate the reservoir pressure of the tunnel

Consider a supersonic nozzle with a Pitot tube mounted at the exit The reservol
pressure and temperature are 10 atm and 500 K, respectively The pressure measure
by the Pitot tube is 0 6172 atm The throat area is 0.3 m’* Calculate’

(a) Exat Mach number M,

(k) Exat area A,

(¢) Exit pressure and temperature p, and 7,

(d) mass flow through the nozzle
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5.13.

5.14.

5.18.

.16.

5.17.
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Consider a convergent-divergent duct with exit and throat areas of 05 m’ and
0.25 m?, respectively The inlet reservoir pressure is 1 atm and the exit static pressure
is 06 atm. For this pressure ratio, the flow will be supersonic in a portion of the
nozzle, terminating with a normal shock inside the nozzle Calculate the local area
ratio (A /A*) at which the shock is located inside the nozzle

Consider a supersonic wind tunnel where the nozzle area ratio is 4,/4, = 104.1.
The throat area of the nozzle is A =10 ¢m® Calculate the minimum area of the
diffuser throat, A which will a]low the tunnel to start

At the exit of the dlﬂhSer of a supersonic wind tunnel which exhausts directly to the
atmosphere, the Mach number is very low (= 0.1) The reservoir pressure is 1.8 atm,
and the test section Mach number is 2 6. Caiculate the diffuser efficiency 7,

In a supersonic nozzie flow, the exit-to-throat area ratio is 10, p, = 10 atm, and the
backpressure pg = 004 atm Calculate the angle # through which the flow is
deflected immediately after leaving the edge (or lip) of the nozzle exit

Consider an oblique shock wave with M, = 4.0 and 8 = 50° This shock wave is
incident on a constant-pressure boundary, as sketched in Fig. 520 For the flow
downstream of the reflected expansion wave, calculate the Mach number M; and the
flow direction relative to the flow upstream of the shock

Consider a rocket engine burning hydrogen and oxygen The combustion chamber
temperature and pressure are 4000 K and 15 atm, respectively The exit pressure is
1174 X 1072 atm Calculate the Mach number at the exit. Assume that y =
constant = 1 22 and that R = 5196 J /kg K

We wish to design a Mach 3 supersonic wind tunnel, with a static pressure and
temperature in the test section of 0 1 atm and 400°R, respectively Calculate:

‘a} The exit-to-throat area ratio of the nozzle

{b) The ratio of diffuser throat area to nozzle throat area
*(¢) Reservoir pressure

(d) Reservoir temperature



CHAPTER

6

DIFFERENTIAL
CONSERVATION
 EQUATIONS
FOR INVISCID
FLOWS

The information needed by design engineers of either aircraft or flow machinery is th
pressure, the shearing stress, the temperature, and the heat flux vector imposed by the movin;
fluid over the surface of a specified solid body or bodies in a fluid stream of specifie
conditions To supply this information is the main purpose of the discipline of gasdynamics

H S Tsien, 195

6.1 INTRODUCTION

The analysis of problems in fluid dynamics requires three primary steps:

1. Determine a model of the fluid

2. Apply the basic principles of physics to this model in order to obtain
appropriate mathematical equations embodying these principles.

3. Use the resulting equations to solve the specific problem of interest.
In Chap. 2, the model of the fluid chosen was a control volume The basic

principles of mass conservation, Newton's second law, and energy conservation
were applied to a finite control volume to obtain integral forms of the conserva-

186
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tion equations. In turn, these equations were applied to specific problems in
Chaps. 3, 4, and 5. These applications were such that the integral conservation
cquations nicely reduced to algebraic equations describing properties at different
vross sections of the flow, However, we are now climbing to a higher tier in our
tudy of compressible flow, where most of the previous algebraic equations no
longer hold We will soon be dealing with problems of unsteady flow, as well as
tlows with two or three spatial dimensions. For such cases, the integral forms of
the conservation equations from Chap. 2 must be applied to a small neighbor-
hood surrounding a point in the flow, resulting in differential equations which
describe flow properties at that point. To expedite our analysis, we will make use
of the following vector identities:

dba-ds = @fp(v - Ay ar (6.1)
S ¥

fpods - fp(ve)ar (6.2)

vhee A and ® are vector and scalar functions, respectively, of time and space,

nd ¥ is a control volume surrounded by a closed control surface S, as sketched
n Fig 2.3.

6.2 DIFFERENTIAL EQUATIONS
IN CONSERVATION FORM

Continuity Equation

Repeating for convenience the continuity equation (2.2),

dp
—#pV-dS= = A7
S ¥ !

ind using Eq. (6.1) in the form
b (ov) - as = ffpv - (V) a¥ (6.3)
A ¥

ve combine Eqs. (2.2) and (6.3) to obtain

1

4

ap
-tV '(pV)] d¥ =10 (6 4)

[t might be argued that a control volume could be chosen such that, in some
pecial case, integration of Eq. (6.4) over one part of the volume would exactly
ancel the integration over the remaining part, giving zero for the right-hand side
owever, the control volume is an arbitrary shape and size, and in general the
nlv way Eq. (6.4) can be satisfied is for the integrand to be zero at each point
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within the volume. Hence,

dp
“(:)-;+V'(pV)=0 (65)

Equation (6.4) is the differential form of the continuity equation.

Momentum Equation

Repeating for convenience the momentum equation (2.11),

ﬁpde— #pds = ﬁ (a;:,)
¥

¥ S

v+ dp(pV - dS)V
3
and using Eq. (6.2) in the form

Pras = gff (vp)ar (¢

we combine Egs. (2.11) and (6.6) to obtain

ffpotar— ffpvrar- dff a(;tv) ar+ (v -asyv - (
¥ ¥ ¥ )

Equation (6.7) is a vector equation; for convenience, let us consider carte
scalar components in the x, y, and z directions, respectively (see Fig. 2.3). Tt .
component of Eq. (6.7) is

gﬁpfxdy/— ﬁﬁ%d%E dtp a(;t") av+ PV - as)u  (69)
¥ ¥ ¥ S

However, from Eq. (6.1),
#(pV‘dS)u = fP(ouv) - a8 = fffv - (ouV) d¥ (61
S S t 4

Substituting Eq. (6.9) into (6.8),

d d(pu
dfh\os. - = - ACL) - '(puV)] d¥'= 0 (6.10

dx at

v
By the same reasoning used to obtain Eq. (6.5) from Eq (6.4), Eq. (6.10) yield
9 (pu) dp

+ . V = - — + 64 7
5 TV (V) = - ==+, (6.1

Equation (6.11) is the differential form of the x component of the momentii
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equation. The analogous y and z components are

d(pv) _p

ry + v *(puV) = - £ + pf, (6.12)
d(pw) _9p

0tV ~(pwV) = — ot pf, (6.13)

Energy Equation

Repeating for convenience the energy equation (2.20),

ggy)'pqdym oy - as + g;fﬁp(f V) dY
- fff 33:! (e+ ﬂﬂdam #p(ﬁ —)v ds

it
d using Eq. (6.1) in the forms

9$p e+——)V +dS = Sfﬁsv l

d fhrv-as = @b - () ar (6.15)
hY "

we combine Eqgs. (2.20), (6.14), and (6.15) to obtain
? vt
@5 pg=v (V) +p(f+V) — —ple+ —f| =V -|p
Setting the integrand equal to zero, we obtain

o 2
i : % p? o
Ea{p(ent TH—FV °[p(e+ T)V}: ~v (pV) +pg+p(f-V)

(6.17)

V2
e+ ——)V] dv (6.14)

Lquation (6.17) is the differential form of the energy equation.

Summary

Fquations (6.5), (6.11) through (6 13), and (6.17) are general equations which
apply at any point in an unsteady, three-dimensional flow of a compressible
inviscid fluid. They are nonlinear partial differential equations, and they contain
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all of the physical information and importance of the integral equations from
which they were extracted For virtually the remainder of this book, such
differential forms of the basic conservation equations will be employed. Also,
note that these equations contain divergence terms of the quantities pV, puV,
pvV, pwV, and p(e + V2/2)V. For this reason, these equations are said to be in
divergence form. This form of the equations is also called the conservation form
since they stem directly from the integral conservation equations applied to a
fixed control volume. However, other forms of these equations are frequently-
used, as will be derived in Secs. 6.3 and 6.4

6.3 THE SUBSTANTIAL DERIVATIVE

Consider a small fluid element moving through cartesian space as illustrated
Fig. 6.1a and b. The x, y, and z axes in these figures are fixed in space. Figure
6.1a shows the fluid element at point 1 at time ¢ = ¢,. Figure 6.16 shows the same,
fluid element at point 2 in the flowfield at some later time, #,. Throughout the
(x, v, z) space, the velocity field is given by

V=ui+vj+ wk
where u=u(x,y, z,1t)

v=uv(x,y,z,1)

w=w(x,y, z,1)

and i, j, and k are unit vectors in the x, y, and z directions, respectively In
addition, the density field is given by

p=p(x,y,2,1)

y ¥y
‘ 1=t ‘
t= tz
1
\ " e
vl
T
2 z 2
(a) ®)
FIGURE 6 1

!
Iltustration of the substantial derivative (the xpz coordinate system above is fixed in space, and thi
fluid element is moving from point 1 to point 2)
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At time 1;, the density of the fluid element is p, = p(x;, y,, z,, {,). At time ¢,, the
density of the same fluid element is p, = p(x4, ¥q, 25, £,). Since p = p(x, y, z, 1)
e can expand this function in a Taylor’s series about point 1 as follows:

oot (5] a0+ (5] )

dp dp
+( 3z) (z, —z;) + (a—t)l(t2 — 1) + ligher-order term

Fividing by (¢, — ¢,), and ignoring higher-order terms,

() e ) ey e = (R,
(6 18)

eep in mind the physical meaning of the left-hand side of Eq. (6.18). The
uantity (p, — p;) 1s the change of density of the particular fluid element as it
oves from point 1 to point 2. The quantity (7, — #,) is the time it takes for this
articular fluid element to move from point 1 to point 2. If we now let time ¢,
|pproach ¢, in a limiting sense, the quantity

. Py ™ Py Dp
lim = —
fz_‘fl tz _ tl Dt

iecomes the instantaneous time rate of change of density of the particular fluid
éement as it moves through point 1. This quantity is denoted by the symbol
%/ Dt. Note that Dp/Dt is the rate of change of density of a given fluid element
5 it moves through space. Here, our eyes are fixed lon the fluid element as it is
tnoving. This is physically different than (dp/d¢),, which is the time rate of
hange of density at the fixed point 1. For (dp/dt),, we fix our eyes on the
tatlonary point 1 and watch the density change due to transient fluctuations in
he flowfield. Thus, Dp/Dt and (Jdp/31), are physically and numerically differ-
ht quantities.

Continuing with our limiting procedures, and again remembering that we
¢ following a given fluid element, !

=

=
|

2

,_.
If
<
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Hence, returning to Eq. (6.18) and taking the limit as ¢, — 1,, we obtain
Dp dp ap ap ap

From the above, we can define the notation

D d d d d

d
— = —tu—+tv—+w—=—+ (V- .
Dr ar “ox Uay +waz dt (Vev) (619)

as the substantial derivative. The time rate of change of any quantity associated
with a particular moving fluid element is given by the substantial derivative, For
example,

De de de de de de v
— = — tu— +0— +tw—=— + (V>
Dt at dx ay ¥ at (Vev)e
where De/Dt is the time rate of change of internal energy per unit mass of the
fluid element as it moves through a point in the flowfield, de/dt is the local time
derivative at the point, and
de de de
U— + o —+w_—
dx dy dz
is the convective derivative. Again, physically, the properties of the fluid element
are changing as it moves past a point in a flow because the flowfield itself may be
fluctuating with time (the local derivative) and because the fluid element is simply
on its way to another point in the flowfield where the properties are different (the
convective derivative).

6.4 DIFFERENTIAL EQUATIONS
IN NONCONSERVATION FORM

Continuity Equation

Returning to Eq. (6.5) and expanding the divergence term (recalling the vector
identity that v «(¢B) =av * B+ B+ va, where « is a scalar and B is a
vector), we have

dp
S HV VAV Tp =0 (6.20)
Slightly rearranging Eq. (6.20),
dp
5}-+(V'V)p+pv'V=0 (6.21)
Incorporating the nomenclature of Eq. (6 19) into (6.21),
D
—€+pv-V=0 (6.22)

Dt
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Equation (6.22) is an alternative form of the continuity equation given by Eq
(6.5). Physically, Eq (6 22) says that the mass of a fluid element made up of a
fixed set of particles (molecules and atoms) is constant as the fluid element moves
through space. [For a chemically reacting flow, we have to think in terms of a
fluid element made up of a fixed set of electrons and nuclei because the molecules
and atoms inside the fluid element may increase or decrease due to chemical
reaction; nevertheless, Eq. (6.22) is still valid for a chemucally reacting flow.]

Momentum Equation

Returning to Eq. (6.11) and again expanding the divergence term as well as the
time derivative,

du ap ap
Py + U +uv (pV) + pVevu= — " + pf, (6.23)
Multiply Eq. (6.5) by u:
dp
u— +uv *(pV) =0 (6.24)
Subtract Eq. (6.24) from (6.23):
du ap
P T AV Vu= =+ pf, (6.25)
Using the substantial derivative given in Eq (6.19),
Du dp
pE = ~ = + pf. {6.26)

By similar manipulation of Eqs. (6.12) and (6.13), we have

Dv op 6.77
—_— = - — )

D 5 of, (6.27)
Dw ap 6.28
05 = 5, Tk (6.28)

L. vector form, Egs. (6.26) through (6.28) can be written as

DV

C = ~Up+ of .
o Vptop (6.29)

Equations (6.26) through (6.29) are different forms of Euler’s equation, which is
an alternative form of the momentum equation given in Egs. (6.11) through
P(6 13). Euler’s equation physically is a statement of Newton’s second law,
F ma, applied to a moving fluid element of fixed identity.
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Energy Equation
Returning to Eq. (6 17) and expanding,

e+ V2/2) Y2\ dp y?
p P + €+T)E+(€+T)v (pV)
VZ
+pv.ve+-2—)z—v-(p\f)+pq+p(f-\f) (6.30)

The second and third terms of Eq. (6.30), from the continuity equation (6.5), give

2\[ 2 V2
(e+ VT){B_? + v '(pV)] = (e + —2—)(0) =0

Hence, along with the substantial derivative nomenclature, Eq. (6.30) becomes

D{e+ V?/2)

p o = -v *(pV) + pg +p(f+V) (6 31)

Equation (6.31) is an alternative form of the energy equation given in Eq. (6 17)7
Equation (6.31) is a physical statement of the first law of thermodynamicsi
applied to a moving fluid element of fixed identity; however, note that for a
moving fluid, the energy is the foral energy, e + ¥2/2, ie, the sum of both
internal and kinetic energies per unit mass.
The energy equation is multifaceted——it can be written in many different’

forms, all of which you will sooner or later encounter in the literature. Therefore;
it is important to sort out these different forms now. For example, let us obtain g

form of Eq. (6.31) in terms of internal energy e only. Consider the left-hand md@;
of Eq. (6.31),

D(e+V%2) De D(V'/2) De pD(V:+V)
D "ot T o T "2 i
De DV
=Py, + pV * Dr (6.32)}
Considering the first term of the right-hand side of Eq. (6.31),
v {pV)=pv +V+V-yup (6 33);
Substitute Egs. (6.32) and (6.33) into Eq. (6.31):
De DV
poy H AV = TPV V= Vevpapg (V) (63
Form the scalar product of V with the vector form of Euler’s equation, Eq. (6 29
DV
pVe— = ~V.vp+p(f-V) (6.33

Dt
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Subtracting Eq. (6.35) from (6.34),

De

= - 'V + pd 6.36
Py = TPV pg (6.36)

Zquation (6.36) is an alternative form of the energy equation dealing with the
ate of change of the internal energy of a moving fluid element.

Let us now obtain a form of the energy equation in terms of enthalpy A
mly. By definition of enthalpy,
h=e+pv=e+p/p
Dh  De N D{p/p)

Thus — = ——
Dt Dt Dt

Rearranging,

De Dh  D(p/p) Dh [p(Dp/Dt) - p(Dp/Dt)

Dt Dt Dt Dt p*

De Dh 1Dp p Dp
enc = e e 6.37

Hence Dt Dt p Dt p* Dt (6.37)

—— = —pV 'V (6.38)

T e = e — vV (6.39)

gnd substituting Eq. (6.39) into (6 36), we have

Dh  Dp

— = — 4+ pg 6.40
0, = P4 (6.40)

quation (6.40) is an alternative form of the energy equation dealing with the
Eate of change of static enthalpy of a moving fluid element,

* Let us now obtain a form of the energy equation in terms of total enthalpy
=h + V?/2 Add Egs. (6.31) and (6.40):

2 |
pD(e - VDr/z h) —-v - (pV) + %? +2p¢ +p(f-V)  (6.41)
Recalling that Dp/Dr = dp/dt + V « vp, and subtracting Eq (6.36) from (6.41),
D(h+ V?/2)
D

dp
=—\7°(pV)+-§?+V'Vp+pV'V+pq'+p(f'V)
3

P
= -—pV'V—V'Vp-%--é—t—-l—V'VP
+pv +V +pg + p(f+ V) (6 42)
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Cancelling terms in Eq. (6 42), and writing &, = h + V?*/2, we have

Dh

o Op ,
P —ﬁ+pq+p(f'\’) (6 43)

Of all the alternative forms of the energy equation obtained to this point, Eq
(6.43) is probably the most useful and revealing. It states physically that the total
enthalpy of a moving fluid element in an inviscid flow can change due to

1. Unsteady flow, i.e., dp/dt # 0
2. Heat transfer, ie., ¢ # 0
3. Body forces,ie,f+V # 0

As we have already seen, many inviscid problems in compressible. flow are also
adiabatic with no body forces. For this case, Eq. (6.43) becomes

Dh,~ dp
= — 6.44
P "Di dt (6.44)
Furthermore, for a steady flow, Eq. (6.44) reduces to
Dh,
D T
which when integrated, yields
h, = const (6.45)

Equation (6.45) is an important result—for an inviscid, adiabatic steady flow
with no body forces, the total enthalpy is constant along a given streamline. This.
is to be expected almost from intuition and common sense; it is presaged by the.
steady shock wave results of Chaps. 3 and 4, and by the steady adiabatic duct
flows of Chap. 5, where the total enthalpy is constant throughout the flow
Equation (6.45) holds only along a streamline because in the previous equations
we are following a moving fluid element as it makes its way along a streamline
However, if the particular flowfield under study originates from a reservoir of
common total enthalpy, such as the free stream far ahead of a body moving in
the atmosphere, then the total enthalpy is the same value for all streamlines, and
hence Eq. (6.45) holds throughout the complete flowfield. Finally, note that Eg
(6.45) is a simple algebraic statement of a fundamental physical result which
holds no matter how complex the geometry of the flow may be Although the
continuity and momentum equations have to be dealt with as partial differentidl
equations, the energy equation can be utilized as Eq. (6.45), subject of course (o
the stated restrictions. This will prove to be extremely useful in our subsequent
discussions.



DIFFERENTIAL CONSERVATION EQUATIONS FOR INVISCID FLOwS 197

Let us obtain yet another alternative form of the energy equation. Solve Eq.
622y for v * V,

v-V=—;—§ (6.46)
Substitute Eq. (6.46) into (6.36):
p%} = %%? + pg (6.47)
Recalling that 1/p = v, hence
Dp 1 Dv
Dt oDt
then Eq. (6.47) becomes
De Dv _
Py = PP, T Rd
De Do
p{b—r Py, 4 =0
De Dv
E+pﬁ—q=0 (6.43)

Compare Eq. (6.48) with the first law of thermodynamics as given by Eq. (1.25)
—the two are identical. However, in Eq. (6 48), the changes in internal energy
and specific volume are those taking place in a moving fluid element, and hence
the differentials de and dv in Eq. (1 25) are physically replaced by the substantial
derivatives De /Dt and Duv/Dt. Indeed, in hindsight, Eq (6.48) could have been
dertved directly by applying Eq (125) to a moving fluid element. Instead, we
chose to derive Eq. (648) from a consistent evolution of our general energy
equation for a moving fluid, Eq. (6 31), where we recognized that the energy of
vthe fluid is both internal energy and kinetic energy. In the process, we have
.obtained a rather striking physical result—the internal and kinetic energies of a
moving fluid can be separated such that the first law written strictly in terms of
mternal energy only does indeed apply to a moving fluid element, as clearly
proven by Eq. (6.48).

Summary

All the equations derived in the present section are called the nonconservation
form of the governing equations. They involve changes of fluid properties of a
given fluid element as it moves through the flowfield, and hence they all involve
substantial derivatives This is in contrast to the conservation forms derived in
'Sec 6.2, which were obtained from the point of view of a control volume fixed in
space. Either form of the governing equations—conservation or nonconservation
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—-are equally valid descriptions of the flowfield variables as a function of space
and time. The choice of which form to use is sometimes a matter of personal
preference, however, in some applications of computational fluid dynamucs, one
form sometimes proves to be superior to the other, depending on the problem at
hand (see Chaps 11, 12, and 16). Therefore, you should examine these equations
carefully enough such that you feel comfortable with them in both forms

6.5 THE ENTROPY EQUATION

Consider the combined form of the first and second laws of thermodynamics, as
given by Eq. (1 30). From Sec. 6.4, we are justified in applying Eq. (1.30) directly’
to a moving fluid element, where it takes the form

Ds De Duv

r = 2y, 6.4
pt ot Py (

Equation (6.49) is labeled simply the entropy equation, and it holds in general”g
a nonadiabatic viscous flow, However, for an inviscid adiabatic flow, Eq. (6.48
says that

De Du 0 65
L ’
D " P (
Combining Eqgs. (6.49) and (6.50), we have
Ds
— = ( (6
Dt
or ; s = const (6

Equations (6.51) and (6.52) say that the entropy of a moving fluid elemer
constant. If the flow is steady, the entropy is constant along a streamline it
adiabatic, inviscid flow. Moreover, if the flow originates in a constant ent
reservoir, such as the free stream far ahead of a moving body, each streamline
the same value of entropy, and hence Eq. (6 52) holds throughout the comy
flowfield. (In some literature, this is denoted as “homentropic” flow.) Note
Egs. (6.51) and (6.52) are valid for both steady and unsteady flows

For the solution of most problems in compressible flow, the contin
momentum, and energy equations are sufficient; the entropy equation is
needed except to calculate the direction in which a given process may
occurring. However, for isentropic flows, Egs. (6.51) or (6.52) are frequently
convenience, and may be used to substitute for either the energy or momv::nu,i?r=
equations. This advantage will be demonstrated in subsequent discussions.
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6.6 CROCCO’S THEOREM: A RELATION
BETWEEN THE THERMODYNAMICS AND
FLUID KINEMATICS OF A COMPRESSIBLE
FLOW

Consider again an element of fluid as it moves through a flowfield The move-
ment of this fluid element is both translational and rotational. The translational
motion is denoted by the velocity V The rotational motion is denoted by the
angular velocity, . In any basic fluid mechanic text, it is readily shown that o
= ¥ X V; hence the curl of the velocity field at any point is a measure of the
1otation of a fluid element at that point The quantity v X V is itself denoted as
the vorticity of the fluid; the vorticity is equal to twice the angular velocity

In this section, we will derive a relationship between the fluid vorticity (a
kinematic property of the flow) and the pertinent thermodynamic properties To
begin, consider Euler’s equation, Eq (6.29), without body forces,

DV

= ’ 6.53
o vp (6.53)

ﬁWriting out the substantial derivative, Eq (6.53) is

FAY
p=r +p(V: V)V = ~vp (6.54)

Recall the combined first and second laws of thermodynamics in the form of Eq.
(132). In terms of changes in three-dimensional space, the differentials in Eq.
(1 32) can be replaced by the gradient operator,

vp

I'vs=vh—-uvvp=vh—- — (6 55)
p
(~ubining Eqs (6.54) and (6.55),
. , 1 A" v v
vs=vh-—|-p, p(V- V)
av
T9s=Vh+ =+ (V- V)V (6.56)

However, from the definition of total enthalpy,

V2
h=h,— —
2

V2
e Vh=vh, - v{—2~) (6.57)
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Substitute Eq. (6.57) into (6.56):

V2
Tvs=vh, - V(*—z_

A
+~§?+(V-v)v (6.5

Using the vector identity

V(K;—)H(V-v)V=Vx(v X V)

Eq. (6.58) becomes

av
TVs=vho—~V><(v><V)+—a—t (6.59)

Equation (6.59) is called Crocco’s theorem, because it was first obtained by L
Crocco in 1937 in a paper entitled “Eine neue Stromfunktion fur die Erforschung
der Bewegung der Gase mit Rotation,” Z. Angew Math. Mech. vol. 17, 1937, pp
1-7.

For steady flow, Crocco’s theorem becomes

Tvs=vh,- VX (v XV) (6 60)

Keep in mind that Egs. (6.59) and (6.60) hoid for an inviscid flow with no body
forces.
Rearranging Eq. (6.60),

VX(v xXV)= wh, - Twvs (6 61),
vorticity e —————
total enthalpy gradient of
gradient entropy

Equation (6.61) has an important physical interpretation. When a steady flowfield
has gradients of total enthalpy and/or entropy, Eq. (6.61) dramatically showy
that it is rotational. This has definite practical consequences in the flow behind &
curved shock wave, as sketched in Fig. 4.24. In region 1 ahead of the curved
shock, all streamlines in the uniform free stream have the same total enthalpy;
h, =h, + V.2/2. Across the stationary shock wave, the total enthalpy does not
change; hence in region 2 behind the shock, 7, = h, Hence, all streamlines it
the flow behind the shock have the same total enthalpy, thus, behind the shock
vh, =0 However, in Fig. 4.24 streamline (b) goes through a strong portion of
the curved shock and hence experiences a higher entropy increase than streamling
(d), which crosses a weaker portion of the shock. Therefore, in region 2, ¥s # {
Consequently, from Crocco’s theorem as given in Eq (6.61), V X (Vv X V) #{
behind the shock. Thus,

vV XV # 0 behind the shock
Hence, Crocco’s theorem shows that the flowfield behind a curved shock i
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rotational, This is unfortunate, because rotational flowfields are inherently more
difficult to analyze than flows without rotation (irrotational flows). We will soon
come to appreciate the full impact of thus statement

67 SUMMARY

This chapter, though it may appear to be virtually wall-to-wall equations, is
extremely important for our further discussions. Therefore you should become
very familiar with, and feel at home with, all the equations in boxes—they are
the primary results-—as well as how they were obtained. Therefore, before
proceeding to the next chapter, take the time to reread the present chapter until
these equations become firmly fixed in your mind.

The equations in this chapter describe the general unsteady, three-dimen-
sional flow of an inviscid compressible fluid. They are nonlinear partial differen-
-tial equations. Moreover, the continuity, momentum, and energy equations are
coupled, and must be solved simultaneously. There is no general solution to these
equattons. Their solution for given problems (hence given boundary conditions)
constituted the principle effort of theoretical gasdynamicists and aerodynamicists
over the past half-century. Their efforts are still going on.

Historically, because no general closed-form solution of these nonlinear
¢quations has been found, they have been linearized by the imposition of
simplifying assumptions. In turn, the linearized' equations can be solved by
existing analytical techniques, and although approximate, yield valuable informa-

‘tion on some specialized problems of interest. This|will be the subject of Chap. 9.
- Also historically, there have been a few specific problems that have lent
Ahemselves to an exact solution of the governing nonlinear equations. The
unsleady one-dimensional expansion waves to be discussed in Chap. 7, and the
ﬁow over a sharp nght-circular cone at zero angle of attack to be discussed in
r Chap. 10, are two such examples. Even these solutions require some type of
limited numerical technique for completion.
53 In recent years, the high-speed digital computer has provided a new
dm‘.ensmn to the solution of compressible flow problems. With such computers,
‘the method of characteristics, an exact numerical technique which was applied
daboriously by hand in the 1930s, 1940s, and 1950s, is now routinely employed to
501ve many nonlinear compressible flow problems of interest. The method of
charactenstlcs for unsteady one-dimensional flow will be discussed in Chap. 7,
and for two- and three-dimensional steady flows in Chap. 11. But the major
impact of computers has been the implementation of finite-difference solutions of
he nonlinear governing equations for a whole host of important problems, such
Eﬁmte difference techniques will be discussed mn Chaps 11, 12, and 17. Thus, the
iad\ ent of computational fluid dynamics has recently opened new vistas for the
solution of compressible flow problems, and one purpose of the present book is
o incorporate these modern vistas into a general study of the discipline. (See also
dhe discussion of computational fluid dynamics in Sec. 1.6.)
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6.8 HISTORICAL NOTE:
EARLY DEVELOPMENT
OF THE CONSERVATION EQUATIONS

In his Principia of 1687, Isaac Newton devoted the entire second book to the
study of fluid mechanics. To some extent, there was a practical reason for
Newton’s interest in the flow of fluids——England had become a major sea power
under Queen Elizabeth, and its growing economic influence was extended through
the world by means of its merchant marine. Consequently, by the time Newton
was laying the foundations for rational mechanics, there was intense practical
interest in the calculation of the resistance of ship hulls as they move through
water, with the ultimate objective of improving ship design. However, the
analysis of fluid flow is conceptually more difficult than the dynamucs of solid
bodies; a solid body is usually geometrically well-defined, and its motion is
therefore relatively easy to describe On the other hand, a fluid is a “squishy”
substance, and in Newton’s time, it was difficult to decide even how to qualita-
tively model its motion, let alone obtain quantitative relationships. As will be,
described in more detail in Sec. 12.4, Newton considered a fluid flow as a,
uniform, rectilinear stream of particles, much like a cloud of pellets from g
shotgun blast. Newton assumed that, upon striking a surface inclined at an angi
# to the stream, the particles would transfer their normal momentum to th§
surface, but their tangential momentum would be preserved. Hence, after col]
sion with the surface, the particles would then move along the surface. As derie
in Sec. 12.4, this leads to an expression for the hydrodynamic force on the surfy
which varies as sin® . Thus is Newton’s famous “sine-squared” law; however, 1
accuracy left much to be desired, and of course the physical model was ui'%
appropriate. Indeed, it was not until the advent of hypersonic aerodynaxrnc%
the 1950s that Newton’s sine-squared law could be used in an environment thy
actually reasonably approached Newton’s physical model. This is described,]
more detail in Secs. 12.4 and 12.9. Nevertheless, Newton’s efforts at the en
the seventeenth century represent the first meaningful fluid dynamic analysis, ang
they stimulated the interest of other scientists.

The discipline of fluid dynamics first bloomed under the influence of Dat
and Johann Bernoulli, and especially through the work of Leonhard Euler, dvjﬂ%
the period 1730 to 1760 Euler had great physical insight which allowed him
visualize a fluid as a collection of moving fluid elements. Moreover, he recognized
that pressure was a point property that varied throughout a flow, and thal
differences in this pressure provided a mechanism to accelerate the fluid elements
He put these ideas in terms of an equation, obtaining for the first time in history
those relations we have derived as Egs. (6.26) through (6.29) in this chapter
Therefore, the momentum equation in the form we frequently use in moder
compressible flow dates back to 1748, as derived by Euler during his residence it
St. Petersburg, Russia. Euler went further to explain that the force on an objec
moving in a fluid is due to the pressure distribution over the object’s surface
Although he completely ignored the influence of friction, Fuler had establishe
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%the modern idea for one important source of the aerodynamic force on a body
(see Sec. 1.5).

The origin of the continuity equation in the form of Eq. (6.5) also stems
back to the mideighteenth century. Although Newton had postulated the obvious
fact that the mass of a specified object was constant, this principle was not
appropriately applied to fluid mechanics until 1749, In this year, the famous
French scientist, Jean le Rond d’Alembert gave a paper in Paris entitled “Essai
d'une nouvelle theorie de la resitance des fluides” in which he formulated
differential equations for the conservation of mass in special applications to plane
and axisymmetric flows. However, the general equation in the form of Eq. (6.5)
was first expressed 8 years later by Euler in a series of three basic papers on fluid
mechanics which appeared in 1757,

It is therefore interesting to observe that two of the three basic conservation
equations used today in modern compressible flow were well-established long
before the American Revolutionary War, and that such equations were contem-
porary with the time of George Washington and Thomas Jefferson!

The origin of the energy equation in the form of Egs. (6.17) or (6.31) has its
roots in the development of thermodynamics in the nineteenth century. It is
known that as early as 1839 B. de Saint Venant used a one-dimensional form of
the energy equation to derive an expression for the exit velocity from a nozzle in
lerms of the pressure ratio across the nozzle. But the precise first use of Eq (6.17)
ot its derivatives is obscure, and is buried somewhere in the rapid development of
physical science in the nineteenth century.

The reader who is interested in a concise and interesting history of fluid
mechanics in general 1s referred to the excellent discussion by R Giacomelli and
E Pistolesi in Volume I of the series Aerodynamic Theory, edited by W F.
Durand in 1934 (See Ref. 22.) Here, the evolution of fluid mechanics from
wtiquity to 1930 is presented in a very cohesive fashion.

6.9 HISTORICAL NOTE:
LEONHARD EULER—THE MAN

Euler was a giant among eighteenth century mathematicians and scientists. As a
result of his contributions, his name is associated with numerous equations and
techniques, e.g. the Euler numerical solution of ordinary differential equations,
Eylerian angles in geometry, and the momentum equations for inviscid fluid flow
"a . (6.26) through (6.29) in this book]. As indicated in Sec 6.8, Euler played the
u role in establishing fluid mechanics as a rational science. Who was this
ftan whose philosophy and results still pervade modern fluid mechanics? Let us
take a closer look.

Leonhard Euler was born on April 15, 1707, in Basel, Switzerland His
father was a Protestant minister who enjoyed mathematics as a pastime. There-
re,xEuler grew up in a family atmosphere that encouraged inteliectual activity.
Pibithe age of 13, Euler entered the University of Basel, which at that time had
fibout 100 students and 19 professors. One of those professors was Johann
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Bernoulli, who tutored Euler in mathematics. Three years later, Euler received s
Master’s degree in philosophy.

It is interesting that three of the people most responsible for the early
development of theoretical fluid dynamics-—Johann Bernoulli, his son Daniel,
and Euler—lived in the same town of Basel, were associated with the’same
University, and were contemporaries. Indeed, Euler and the Bernoullis were close
and respected friends—so much so that, when Daniel Bernoulli moved to teach
and study at the St. Petersburg Academy in 1725, he was able to convince the
Academy to hire Euler as well. At this invitation, Euler left Basel for Russia; he
never returned to Switzerland, although he remained a Swiss citizen throughout
his life.

Euler’s interaction with the Bernoullis in the development of fluid mechan-
ics grew strong during these early years at St. Petersburg, There, Daniel Bernoulli
formulated most of the concepts which were eventually published in his book
Hydrodynamica in 1738. The book’s contents ranged over such topics as jet
propulsion, monometers, and flow in pipes. Bernoulli also attempted to obtain a
relation between pressure and velocity in a fluid, but his derivation was obscure
In fact, even though the familiar Bernoulli’s equation [Eq. (1.1) in this book] is
usually ascribed to Daniel via his Hydrodynamica, the precise equation is not to:
be found in the book! Some improvement was made by his father, Johann, whof
about the same time also published a book entitled Hydraulica. 1t is clear from%
this latter book that the father understood Bernoulli’s equation better than thed
son—Daniel thought of pressure strictly in terms of the height of a monometer}
column, whereas Johann had the more fundamental understanding that pressure"i
was a force acting on the fluid. However, it was Euler a few years later who
conceived of pressure as a point property that can vary from point to pom
throughout a fluid, and obtained a differential equation relating pressure an(f%
velocity [Eq. (6.29) in this book]. In turn, Euler integrated the d1fferent1al§
equation to obtain, for the first time in history, Bernoulli’s equation {Eq. (1. 1)]”
Hence we see that Bernoulli’s equation is really a historical misnomer; credit for«‘
it is legitimately shared by Euler.

Daniel Bernoulli returned to Basel in 1733, and Euler succeeded him at St
Petersburg as a professor of physics. Euler was a dynamic and prolific man; by§
1741 he had prepared 90 papers for publication and written the two-volume book
Mechanica. The atmosphere surrounding St Petersburg was conducive to such
achievement. Buler wrote in 1749: “I and all others who had the good fortune to
be for some time with the Russian Imperial Academy cannot but acknowledge
that we owe everything which we are and possess to the favorable conditions
which we had there.”

However, in 1740, political unrest in St. Petersburg caused Euler to leave
for the Berlin Society of Sciences, at that time just formed by Frederick the
Great. Euler lived in Berlin for the next 25 years, where he transformed the
Society into a major Academy. In Berlin, Euler continued his dynamic mode of,
working, preparing at least 380 papers for publication. Here, as a competitor wittf
d’Alembert and others, Euler formulated the basis for mathematical physics
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In 1766, after a major disagreement with Frederick the Great over some
financial aspects of the Academy, Euler moved back back to St Petersburg. This
second period of his life in Russia became one of physical suffering. In that same
year, he became blind in one eye after a short illness. An operation in 1771
resulted in restoration of his sight, but only for a few days He did not take
proper precautions after the operation, and within a few days he was completely
blind. However, with the help of others, he continued with his work. His mind
was as sharp as ever, and his spirit did not diminish, His literary output even
increased —about half his total papers were written after 1765!

On September 18, 1783, Euler conducted business as usual—giving a
mathematics lesson, making calculations of the motion of balloons, and dis-
cussing with friends the planet of Uranus which had recently been discovered.
tbout 5 P.M. he suffered a brain hemorrhage. His only words before losing
onsciousness were “1 am dying.” By 11 p M., one of the greatest minds 1n history
aad ceased to exist.
2.+ Euler is considered to be the “great calculator” of the eighteenth century.
He made lasting contributions to mathematical analysis, theory of numbers,
fmechamcs astronomy, and optics. He participated in the founding of the
h(zalculus of variations, theory of differential equations, complex variables, and
JsPecml functions. He invented the concept of finite differences (to be used so
ixtensively in modern fluid dynamics, as described in Chaps. 11 and 12) In
etrospect, his work in fluid dynamics was just a small percentage of his total
fimpact on mathematics and science.

Someday, when you have nothing better to do, count the number of times
[Euler’s equations are used and referenced throughout this book. In so doing, you
fvill enhance your appreciation of just how much that eighteenth century giant
idominates the foundations of modern compressible flow today.




CHAPTER

7

UNSTEADY
WAVE
MOTION

A wave of sudden rarefaction, though mathematically possible, is an unstable condition of
motion, any deviation from absolute suddenness tending to make the disturbance become moie
and more gradual Hence the only wave of sudden disturbance whose permanency of type is
physically possible, is one of sudden compression, ;

W J. M. Rankine, 1870, attributed by hum to a comment from Sir William Thomsofr

7.1 INTRODUCTION

Consider again the normal shock wave, as discussed in Chap. 3. In that discus:%
sion the shock is viewed as a stationary wave, fixed in space, as sketched in Fig}
7.1a. However, in Secs. 3.3 and 36, the wave is described as a physicg
disturbance in the flow, where the wave is propagated by molecular collisioq
Hence, sound waves and shock waves have definite propagation velocities, t’
in the case of sound and supersonic in the case of shocks. However, if the wave i§¢
propagating into a flow which itself is moving in the opposite direction at th
same velocity magnitude as the wave velocity, then the wave appears stationany
in space This is the case shown in Fig. 7.1a; here, the shock wave with f
propagation velocity of u, is trying to move toward the right However, it i
precisely balanced by the upstream gas which is moving toward the left, also wii&
a velocity of u;. Consequently, the normal shock wave appears stationary il%

space (i.e., the shock wave is fixed “relative to the laboratory”), and we see tpg

206
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FIGURE 7.1
Schematic of stationary and moving shock waves

familiar picture of a standing normal shock wave with a supersonic flow velocity
u, ahead of the wave and a subsonic flow velocity u, behind the wave. This was
the picture used in Chaps. 3 and 4.

Now assume that the flow velocity », in Fig. 7.1a is turned off, ie., let
u, = Q. Then the shock wave is no longer constrained, and it propagates through
space to the ri